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HIGHER ALGEBRAIC STRUCTURES IN
HAMILTONIAN FLOER THEORY II
OLIVER FABERT
Abstract. This is the second of two papers devoted to showing how
the rich algebraic formalism of Eliashberg-Givental-Hofer’s symplectic
field theory (SFT) can be used to define higher algebraic structures
on symplectic cohomology. Using the SFT of Hamiltonian mapping
tori we show how to define the analogue of rational Gromov-Witten
theory for open symplectic manifolds. More precisely, we show that their
symplectic cohomology can be equipped with the structure of a so-called
cohomology F-manifold. After discussing applications to the quantum
cohomology ring of the quintic, we outline why the the classical (closed-
string) mirror symmetry conjecture for open Calabi-Yau manifolds shall
be formulated as an isomorphism of cohomology F-manifolds.
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Introduction and summary
Calabi-Yau manifolds are Ka¨hler manifolds with a holomorphic volume
form. The equivalence of the A- and the B-model of topological string
theory predicts the existence of so-called mirror pairs of Calabi-Yau
manifolds. The classical mirror symmetry conjecture for closed Calabi-Yau
manifolds M and M∨ relates the Gromov-Witten theory of M with the
(extended) deformation theory of complex structures on M∨, and vice
versa. It can be formulated as an isomorphism of Frobenius manifolds.
O. Fabert, VU Amsterdam, The Netherlands. Email: oliver.fabert@gmail.com.
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On the symplectic side, this involves the Frobenius manifold structure
on the quantum cohomology QH∗(M) as defined by Dubrovin, see [11],
which uses the information of all rational Gromov-Witten invariants of M .
On the complex side, one considers the Frobenius manifold structure on
the Dolbeault cohomology H∗(M∨,
∧∗ TM∨) of polyvector fields, as defined
by Barannikov-Kontsevich in [4], [3], employing the extended deformation
theory for the moduli space of complex structures on M∨.
We start with a quick review of the geometric and algebraic formalism of
big quantum cohomology, since its generalization to open manifolds is the
central goal of this paper.
In order to be able to work with a simpler Novikov field (and to be able
to prove transversality for all occuring moduli spaces, see the appendix in
our first paper [15]) as in [15] we assume thoughout this paper that (M,ω)
is semimonotone in the sense that ω(A) = τ · c1(A) for all A ∈ π2(M) with
some fixed τ ≥ 0, see [22]. Note that this includes the case of monotone
symplectic manifolds as well as all exact symplectic manifolds. Following
([22], section 11.1) we let Λ denote the universal Novikov field of all formal
power series in the formal variable t of degree two with rational coefficients,
Λ ∋ λ =
∑
ǫ∈R
nǫt
ǫ : #{ǫ ≤ c : nǫ 6= 0} <∞ for all c ∈ Q .
With this we define the quantum cohomology of M to be its singular
cohomology with coefficients in the Novikov field, QH∗(M) = H∗(M)⊗ Λ.
The important difference between the quantum cohomology groups and
the singular cohomology groups is that there exists a quantum cup product
on QH∗(M), which is a deformation of the classical cup product on H∗(M).
It is defined by counting holomorphic spheres in the symplectic manifold
(M,ω) equipped with a compatible almost complex structure J with three
marked points,
u : S˙ = S2\{z0, z1, z∞} →M, ∂¯J(u) = du+ J(u) · du · j = 0.
Note that each such map indeed extends smoothly over the removed points
using finiteness of energy. After applying an appropriate Moebius transform
we can assume that the three points are z0 = 0, z1 = 1, z∞ = ∞, which
equips S˙ with unique coordinates. The natural evaluation map on the (com-
pactified) moduli space M3(A) of J-holomorphic spheres in M with three
additional marked points,
ev = (ev0, ev1, ev∞) :M3(A)→M ×M ×M, u 7→ (u(0), u(1), u(∞))
can then be used to pull back cohomology classes from the target manifold
to classes in the cohomology ring of the moduli space. For a basis of coho-
mology classes θα ∈ H
∗(M), α = 1, . . . ,K, which are again viewed as graded
objects with grading given by |θα| = deg θα − 2, the quantum cup product
⋆0 : QH
∗(M)⊗QH∗(M)→ QH∗(M) is defined by
θα0 ⋆0 θα1 =
∑
α∞,β,A
ηα∞,β
∫
M3(A)
ev∗0 θα0 ∧ ev
∗
1 θα1 ∧ ev
∗
∞ θβ · θα∞t
c1(A),
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where ηαβ denotes the Poincare pairing on H
∗(M).
While the quantum cup product just involves moduli spaces of holomor-
phic spheres with three marked points, the rational Gromov-Witten po-
tential F of (M,ω) also takes into account spheres with more than three
marked points. Here the moduli space Mr+1(A) of holomorphic spheres
with r + 1 additional marked points consists of tuples (u, z0, . . . , zr−1, z∞),
where u : S2 → M is again a holomorphic sphere and z0, . . . , zr−1, z∞ are
marked points on S2. As before we assume that (z0, z1, z∞) = (0, 1,∞)
which ensures that there are no nontrivial automorphisms of the sphere
S2\{z0, z1, . . . , zr−1, z∞} and write (u, z2, . . . , zr−1) ∈ Mr(A). Using the
evaluation map ev = (ev0, . . . , evr−1, ev∞) :Mr+1(A)→M
r+1 given by
ev(u, z2, . . . , zr−1) = (u(0), u(1), u(z2), . . . , u(zr−1), u(∞)),
the Gromov-Witten potential of (M,ω) is defined as the generating function
F = F (q), q = (q1, . . . , qK) given by
∑
r
1
(r + 1)!
∑
α0,...,α∞
∫
Mr+1(A)
r−1∧
i=0
ev∗i θαi ∧ ev
∗
∞ θα∞ · qα0 · . . . · qα∞t
c1(A).
Here (q1, . . . , qK) are formal variables assigned to the basis of cohomology
classes θ1, . . . , θK ∈ H
∗(M) whose grading is given by |qα| = −|θα|. Note
that they can be viewed as coordinates of a linear space Q which is
canonically isomorphic to QH∗(M) by identifying θα ∈ QH
∗(M) with the
unit vector eα = (0, . . . , 1, . . . , 0) ∈ Q.
Employing gluing of holomorphic spheres one can show that the Gromov-
Witten potential satisfies the WDVV-equations given (up to sign due to the
integer grading of the cohomology classes) by
∂3F
∂qα0∂qα1∂qα∞
ηα∞β0
∂3F
∂qβ0∂qβ1∂qβ∞
=
∂3F
∂qα0∂qβ1∂qα∞
ηα∞β0
∂3F
∂qβ0∂qα1∂qβ∞
,
where on both sides we sum over the indices α∞, β0 = 1, . . . ,K. They
can be interpreted as associativity equation for a family of new products
which now involves moduli spaces of holomorphic spheres with an arbitrary
number of additional marked points and hence contains the full information
of the rational Gromov-Witten theory of (M,ω).
The idea is to use the above triple derivatives of the Gromov-Witten
potential to define a product ⋆q : Tq Q⊗Tq Q → Tq Q on the tangent space
at each q ∈ Q by
∂
∂qα0
⋆q
∂
∂qα1
=
∑
α∞,β
ηα∞,β ·
( ∂3F
∂qα0∂qα1∂qβ
)
(q) ·
∂
∂qα∞
.
Here observe that the tangent space Tq Q at each q = (q1, . . . , qK) is canon-
ically isomorphic to the original space QH∗(M) by identifying ∂/∂qα with
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θα, where |∂/∂qα| = |θα|. The coefficient (∂
3F/∂qα0∂qα1∂qβ)(q) is given by∑
r
1
(r − 2)!
∑
α2,...,αr−1,A
∫
Mr+1(A)
r−1∧
i=0
ev∗i θαi ∧ ev
∗
∞ θβ · qα2 · . . . · qαr−1t
c1(A).
The new product is called the big quantum cup product and is indeed a
deformation of the quantum product ⋆0 in the sense that we indeed have
⋆q = ⋆0 at q = (q1, . . . , qK) = 0 as( ∂3F
∂qα0∂qα1∂qβ
)
(0) =
∑
A
∫
M3(A)
ev∗0 θα0 ∧ ev
∗
1 θα1 ∧ ev
∗
∞ θβ · t
c1(A).
Note that here we view the small quantum product as a product on the
tangent space to Q at q = 0,
⋆ = ⋆0 : T0Q⊗T0Q→ T0Q .
Algebraically the big quantum (cup) product can equivalently be viewed as
product on the space of vector fields T (1,0)Q on Q,
⋆ : T (1,0)Q⊗T (1,0)Q→ T (1,0)Q .
In other words, it is an element in the space T (1,2)Q of (1, 2)-tensor fields
on Q. It is the key ingredient of the Frobenius manifold structure on
Q ∼= QH∗(M) defined by Dubrovin, see [22], [11].
Generalizing from closed to open symplectic manifoldsM , it is known that
quantum cohomology needs to be replaced by the symplectic cohomology
SH∗(M) of M , defined using Floer theory. While it is well-known that the
small quantum product on QH∗(M) generalizes to the pair-of-pants product,
it is the main goal of this paper to define the generalization of the big
quantum product and the resulting Frobenius manifold structure. After
defining a big pair-of-pants product on symplectic cohomology, we will prove
Theorem 0.1. Generalizing Dubrovin’s definition of Frobenius manifolds
for closed symplectic manifolds, the symplectic cohomology of a Liouville
manifold, Calabi-Yau or not, can be equipped with the structure of a co-
homology F-manifold in such a way that, on the tangent space at zero, we
recover the ring structure given by the pair-of-pants product.
Cohomology F-manifolds are generalizations of Frobenius manifolds de-
fined by Merkulov in [20], [21]. Among other things, the vector field product
⋆ now just lives on a differential graded manifold instead of a graded linear
space and one drops the requirement for an underlying potential. In other
words, a cohomology F-manifold is a differential graded manifold (Q,X)
equipped with a graded commutative and associative product for vector
fields
⋆ : T (1,0)QX ⊗T
(1,0)QX → T
(1,0)QX .
Following [8] and [19]1, a differential graded manifold is given by a pair of
a graded linear space Q (more generally, a formal pointed graded manifold
1In [19] they are called (formal pointed) Q-manifolds
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Q) and a cohomological vector field X on Q. With the latter we mean a
vector field X ∈ T (1,0)Q which satisfies [X,X] = 2X2 = 0 and X(0) = 0.
In our theorem the underlying graded linear space is the symplectic
cohomology of M , i.e., Q = SH∗(M), while the cohomological vector field
X encodes the L∞-structure on SH
∗(M) that we have defined in our first
paper [15]. The crucial property of differential graded manifolds is that they
have well-defined space of functions T (0,0)QX = H∗(T
(0,0)Q,X) and vector
fields T (1,0)QX = H∗(T
(1,0)Q, [X, ·]) (in [21] they are called the cohomology
structure sheaf and the cohomology tangent sheaf, respectively), which in
turn allows us to define arbitrary spaces of tensor fields T (r,s)QX .
The crucial new object that we are defining in this paper is a new vector
field product ⋆ : T (1,0)QX ⊗T
(1,0)QX → T
(1,0)QX , the big pair-of-pants
product on symplectic cohomology.
Since we require that the cohomology F-manifold structure on SH∗(M)
generalizes the Frobenius manifold structure on QH∗(M), the vector field
product ⋆ for SH∗(M) shall generalize the (small) pair-of-pants product in
the same way as the big quantum product from rational Gromov-Witten
theory generalizes the small quantum product on quantum cohomology.
This in turn means that the big pair-of-pants product ⋆ ∈ T (1,2)QX is
supposed to count Floer solutions in the sense of [24] with an arbitrary
number of cylindrical ends and varying conformal structure. In contrast
to the moduli spaces considered for the L∞-structure on SH
∗(M), note
that we require that the asymptotic markers at all cylindrical ends are not
rotating simultaneously, but that they are fixed.
It is a consequence of a compactness problem for the moduli spaces of
holomorphic curves that the big pair-of-pants product ⋆ does not descend
to a well-defined vector field product on symplectic cohomology directly.
Indeed, since we allow the conformal structure to vary, in the codimension-
one boundary of compactification of the moduli spaces there will not only
appear an extra cylinder; instead the holomorphic curves typically break into
two curves with multiple cylindrical ends. This will explain the appearance
of the cohomological vector field X (or, equivalently, of the L∞-structure)
on SH∗(M).
Proposition 0.2. When M is a closed symplectic manifold, then the co-
homological vector field X is zero and the big pair-of-pants product ⋆ on
SH∗(M) = QH∗(M) agrees with the big quantum product.
Note that the definitions given in [20] and [21] differ in several points. As
in [20] we will not discuss the integrability condition given in [21]. On the
other hand, in order to be able to go beyond the Calabi-Yau case, we follow
[21] and will not consider the Euler vector field (and the unit) to be part of
the data. On the other hand, using that the constant and the linear part
of the cohomological vector field X are zero, we will show that there exists
an evaluation map at zero for all tensor fields. With this the second part
of the theorem states that the evaluation of the big pair-of-pants product
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⋆ : T (1,0)QX ⊗T
(1,0)QX → T
(1,0)QX at zero agrees with the well-known
(small) pair-of-pants product ⋆0 : SH
∗(M)⊗ SH∗(M)→ SH∗(M).
Apart from discussing the relation to the algebraic structures on the ho-
mology of the free loop space sketched by Sullivan in [29], we then show
that our newly defined algebraic structures on symplectic cohomology can
be used to rigorously formulate a conjecture of Seidel in [27] on the relation
between the quantum cohomology of the quintic three-fold and the symplec-
tic cohomology of a divisor complement in it. Finally, in order to show that
we indeed cannot expect to get a Frobenius manifold structure, we further
show that our result from above indeed fits nicely with the expectations
from mirror symmetry. More precisely we show
Theorem 0.3. For an open complex manifold M∨, Calabi-Yau or not,
the Barannikov-Kontsevich construction leads to a cohomology F-manifold
structure on H∗(M∨,
∧∗ TM∨), which in general cannot be lifted to a Frobe-
nius manifold structure.
Motivated by our results, we claim that the classical mirror symmetry
conjecture for closed Calabi-Yau manifolds from above has the following
generalization to open Calabi-Yau manifolds.
Conjecture 0.4. If M and M∨ are two open Calabi-Yau manifolds which
are mirror to each other (in the sense of homological mirror symmetry), then
the ring isomorphism between SH∗(M) and H∗(M∨,
∧∗ TM∨) can be lifted
to an isomorphism of cohomology F-manifolds.
In particular, our conjecture should apply to the case of mirror symmetry
for log Calabi-Yau surfaces studied in [17], see also [25]. As we explain
below, a rigorous proof of our conjecture would require a combination and
extension of the work in [20] and [16]. We however emphasize that the
necessary transversality results for all other occuring moduli spaces are
established in the appendix of the first paper [15], building on [13].
This paper is dedicated to the memory of my friend Alex Koenen who
died in an hiking accident shortly before the first version of this paper was
finished.
1. Symplectic cohomology and SFT of Hamiltonian mapping
tori
In this first section we review the fundamental results from our first
paper [15], concerning the relation between the symplectic cohomology of
a Liouville manifold and the symplectic field theory of (open) Hamiltonian
mapping tori, which will be crucial for our construction. As in the definition
of the L∞-structure in [15], it will later allow us to deduce all necessary
compactness statements by combining the results in [5] with the C0-bounds
established in [24] as well as with classical results about branched covers of
Riemann surfaces.
A Liouville manifold is a tuple (M,λ) of an open manifold M and a
one-form λ on M such that (M,ω = dλ) is an exact symplectic manifold
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with a cylindrical end in the sense that M = M0 ∪ R+×∂M0 for a
compact subset M0 of M . The globally defined vector field Z determined
by λ = ι(Z)(ω) is called the Liouville vector field and we require that
Z points outwards through the boundary ∂M0 and agrees with the
R-direction ∂s on R
+×M0. In order to be able to study holomorphic
curves in M , we assume that the Liouville manifold is equipped with a
ω-compatible almost complex structure J which is cylindrical in R+×M0
in the sense of [5], in particular, JZ is tangent to ∂M0 in the cylindrical end.
Following [24] the symplectic cohomology of a Liouville manifold M can
be defined as a direct limit of Floer cohomologies of powers of a single
Hamiltonian symplectomorphism φ = φ1H ,
SH∗(M) = lim
−→
k∈N
HF∗(φk) =
⊕
k∈N
HF∗(φk)/ ∼ .
The underlying Hamiltonian function H : S1 ×M → R is assumed to be
C2-small in the interior of M0 and is required to grow linearly of slope
m > 0 with the R-coordinate s on the cylindrical end of M for s sufficiently
large, see [24]. Note that when c1(TM) = 0 we can indeed work with
coefficients in Q.
As mentioned above, as in our first paper [15] it is the goal of this
paper to use the rich algebraic formalism of Eliashberg-Givental-Hofer’s
symplectic field theory ([12]) to equip the symplectic cohomology SH∗(M)
of a Liouville manifold M with new algebraic structures. More precisely,
in this second paper we show how it can be equipped with the structure
of a cohomology F-manifold. For this we first recall from [15] how the
symplectic cohomology of M can be defined using the formalism of
Eliashberg-Givental-Hofer’s symplectic field theory for symplectic mapping
tori, see also [13]. We emphasize that this is different to and not related
with the connection between symplectic cohomology and cylindrical contact
cohomology discussed in [7].
Since we assume that the reader is not familiar with symplectic field
theory of Hamiltonian mapping tori, we first recall the geometric setup.
It is shown in [5] that the symplectic mapping torus Mφ of a sym-
plectomorphism φ on a symplectic manifold M = (M,ω) carries a
stable Hamiltonian structure (ω˜, λ˜). When the symplectomorphism is
Hamiltonian, φ = φ1H , and after identifying Mφ
∼= S1 × M using the
Hamiltonian flow, it is given by ω˜ = ω˜H = ω + dHt ∧ dt ∈ Ω
2(S1 ×M) and
λ˜ = dt ∈ Ω1(S1 ×M), see also [13] and [15]. The resulting pair (ξ˜, R˜) of
symplectic hyperplane distribution (given by ξ˜ = ker λ˜) and Reeb vector
field (defined by R˜ ∈ ker ω˜, λ˜(R˜) = 1) is then given by ξ˜ = ξ˜H = TM and
R˜ = R˜H = ∂t + X
H
t , where X
H
t denotes the (S
1-dependent) Hamiltonian
vector field. In particular, it is immediate to observe that the periods of all
closed orbits of the Reeb vector field R˜ are natural numbers and that the
unparametrized k-periodic Reeb orbits are in k-to-one correspondence with
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fixed points of the symplectomorphism φk, for details see our first paper [15].
Let us first consider the case when M and hence Mφ is closed. Then it
follows that one can use Eliashberg-Givental-Hofer’s symplectic field theory
to define algebraic invariants of Mφ, that is, of the symplectomorphism
φ on M , by counting holomorphic curves in R×Mφ. When φ = φ
1
H is
Hamiltonian, the underlying cylindrical almost complex structure J˜ = J˜H
(in the sense of [5]) is additionally determined by the choice of an (S1-family
of) ω-compatible almost complex structure(s) J on M . Again identifying
R×Mφ ∼= R×S
1 ×M using the Hamiltonian flow, following ([13], section
2.1) it is explicitly defined by J˜∂s = R˜
H = ∂t + X
H
t and J˜ = J on TM
over {t} ×M ⊂ S1 ×M , where s denotes the R-coordinate. In particular,
it follows that the natural projection map (R×Mφ, J˜) → (R×S
1, i) is
holomorphic.
Starting with cylindrical contact cohomology, it is shown in [13]
that holomorphic cylinders in R×Mφ (with finite energy) correspond
to Floer trajectories in M for the Hamiltonian H defining the Hamil-
tonian symplectomorphism φ = φ1H . To be more precise, writing
u˜ = (h, u) : R×S1 → R×Mφ ∼= (R×S
1) × M , it follows from ([13],
proposition 2.1) that each (unparametrized) J˜-holomorphic cylin-
der connecting two Reeb orbits of period k can identified with a
(parametrized) Floer cylinder u : R×S1 →M satisfying the Floer equation
∂¯J,H(u) = Λ
0,1(du+XH
k
t ⊗ dt) = 0 with H
k
t = kHkt, see [15] as well as the
proof of ([23], theorem 1.2).
It is shown in ([15], proposition 2.1) that the cylindrical contact cohomol-
ogy is given by the sum of the Floer cohomologies of powers of φ,
HC∗cyl(Mφ)
∼=
⊕
k∈N
HF∗(φk)Zk =
⊕
k∈N
HF∗(φk).
Here HF∗(φk)Zk denotes the subgroup of elements in HF∗(φk) which are in-
variant under the obvious action, Zk ×CF
∗(φk)→ CF∗(φk), (i, x) 7→ φi(x),
on the underlying chain group. On the chain level, the isomorphism
between cylindrical contact cohomology and Floer cohomology is given
by γ 7→ (x ± . . . ± φk−1(x))/k, where γ is the unparametrized Reeb
orbit corresponding to the fixed points x, . . . , φk−1(x) of φ, see also the
comment on the relation between closed Reeb orbits and fixed points
of φk from above as well as ([23], theorem 1.2). The choice of signs is
related to the choice of coherent orientations for the moduli spaces in [6]; in
particular, if γ is a bad orbit, then the sum on the right-hand-side gives zero.
In order to see that the Zk-invariant part of the Floer cohomology group
of φk agrees with HF∗(φk) as in the case of Hamiltonian symplectomor-
phisms on closed symplectic manifolds, we follow [7] and assume that the
S1-dependent Hamiltonians Hkt defining φ
k for each k ∈ N are obtained as
a small perturbation of a S1-independent Hamiltonian H = H0 : M → R
using a small Morse function on each closed orbit of H. Identifying each
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k-periodic orbit of H with the circle using an appropriate parametrization,
we assume that each Morse function is 1/k-periodic to obtain the required
Zk-symmetry on the set of generators of the chain complex underlying
HF∗(φk). On the other hand, it can be directly seen from the definition
of the Morse-Bott differential in [7] that all perturbed orbits represent the
same generator on homology.
For the well-definedness of cylindrical contact cohomology one crucially
uses the compactness result for holomorphic curves in cylindrical manifolds
established in [5]. While this requires Mφ and hence M to be closed, it is
one of the two key observations for our result that the classical C0-bounds
for holomorphic curves used in the definition of symplectic cohomology
(and its TQFT-structure) still hold.
Indeed, from now on assume that M is no longer closed but a Liouville
manifold as defined above and let φ = φH1 be a Hamiltonian symplecto-
morphism with a Hamiltonian H : S1 ×M → R of the form above. Since
the C0-bound for the Floer trajectory u from ([24], lemma 2.1) immediately
gives a C0-bound for the map u˜ : R×S1 → R×Mφ ensuring that its image
stays in a compact subset of the open mapping torus Mφ, it follows that the
compactness result for holomorphic curves from [5] still hold and hence the
cylindrical contact cohomology of the mapping torusMφ is still well-defined.
In ([15], proposition 3.1) this observation is used to give the following new
connection between symplectic cohomology and symplectic field theory.
Proposition 1.1. ([15]) For a Liouville manifold M and a Hamiltonian
symplectomorphism φ of the special form described above, the cylindrical
contact cohomology HC∗cyl(Mφ) is still well-defined and we obtain the sym-
plectic cohomology of M as a quotient
SH∗(M) = HC∗cyl(Mφ)/ ∼ .
The underlying equivalence relation is generated by α ∼ ϕn(α) for all α ∈
HC∗cyl(Mφ) and n ∈ N, where ϕn : HC
∗
cyl(Mφ) → HC
∗
cyl(Mφn) ⊂ HC
∗
cyl(Mφ)
denote the natural continuation maps for cylindrical contact cohomology de-
fined in [12].
Although we already give a proof of this statement in [15], let us recall
it for the sake of self-containedness.
It follows directly from the direct limit definition of SH∗(M) used above
that SH∗(M) is a quotient of HC∗cyl(Mφ) =
⊕
k∈NHF
∗(φk). Hence it just
remains to show that the equivalence relation used in the definition of
the direct limit, now denoted by ≈, agrees with the equivalence relation
∼ in the statement of the lemma, defined using the continuation maps on
cylindrical contact cohomology.
For this recall that for each n ∈ N the continuation map
ϕn : HC
∗
cyl(Mφ) → HC
∗
cyl(Mφn) is defined by counting holomorphic
cylinders in R×S1 × M equipped with a R-dependent almost com-
plex structure Jˆ . It is explicitly determined by Jˆ = Jt on TM and
10 O. Fabert
Jˆ∂s = ∂t + X
H
s,t, where Hs,t : M → R, (s, t) ∈ R×S
1 shall be viewed as
an R-dependent family of S1-dependent Hamiltonians which interpolates
between H+t := Ht and H
−
t := H
n
t = nHnt in the sense that Hs,t = H
+
t
for s > s0 and Hs,t = H
−
t for s < −s0 (for some fixed s0 >> 1). Denoting
Hks,t := kHks,kt, one can show as before that each (unparametrized)
Jˆ-holomorphic cylinder uˆ in R×S1 ×M connecting two Reeb orbits can be
identified with a cylinder u : R×S1 → M satisfying the R-dependent Floer
equation ∂¯J,Hk(u) = Λ
0,1(du + XH
k
s,t ⊗ dt) = 0 for some k ∈ N, see ([13],
theorem 5.2).
It follows that each of the natural continuation maps ϕn corre-
sponds to a family of continuation maps on the Floer cohomologies
ϕknk : HF
∗(φk) → HF∗(φnk) for all k ∈ N. On the other hand, assuming
the R-dependent interpolating Hamiltonian Hs,t : M → R, (s, t) ∈ R×S1
is chosen to be monotone with respect to s ∈ R, we can now employ
the C0-bounds from ([24], subsection 3.2) used for the definition of the
continuation maps in symplectic cohomology to show that the relevant
compactness results for holomorphic curves in cobordisms from [5] still hold.
First assume that α ≈ β with α ∈ HF∗(φk), β ∈ HF∗(φℓ). Then
by definition there exists j ≥ k, ℓ such that ϕkj (α) = ϕ
ℓ
j(β) ∈ HF
∗(φj).
By the naturality of the continuation maps it follows that indeed
ϕki (α) = ϕ
ℓ
i(β) ∈ HF
∗(φi) for all i ≥ j. Now choose m,n ∈ N such that
mk = nℓ ≥ j. Then it follows that ϕm(α) = ϕ
k
mk(α) = ϕ
ℓ
nℓ(β) = ϕn(β),
that is, we have α ∼ β.
For the converse direction, assume that we have α ∼ β with α ∈ HF∗(φk),
β ∈ HF∗(φℓ). Now it follows that ϕkmk(α) = ϕ
ℓ
nℓ(β) for some m,n ∈ N with
j := mk = nℓ and we have shown that α ≈ β.
We end this review with the following important remark on the degree
convention in symplectic cohomology: Since the higher algebraic structures
that we are defining in this paper build on Eliashberg-Givental-Hofer’s sym-
plectic field theory and their degree conventions are hence most suitable
for our constructions, we rather shift degrees in symplectic cohomology at
the expense that they no longer fit with the natural degree conventions in
singular cohomology.
2. Differential graded manifolds
After recalling from [15] how symplectic cohomology can be embedded
into the framework of the symplectic field theory of Hamiltonian mapping
tori, we next describe how the count of punctured holomorphic curves with
arbitrary many negative cylindrical ends in symplectic field theory can be
used to equip symplectic cohomology with the structure of a differential
graded manifold. It is a geometric reformulation of the L∞-structure that
has been the central theme of our first paper [15].
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For us the crucial property of differential graded manifolds is that
there is a well-defined notion of tensor fields on them. While the big
pair-of-pants product, which is central in this paper and will be defined in
the next section, defines a product on the space of vector fields, the space of
functions will be given by the full contact homology. Although everything
can be seen as an algebraic reformulation of results already obtained in
[15], we will also recall in detail the definition of the involved moduli spaces
in order to be self-contained. In this section we first show, as in [15], how
to equip the cylindrical contact cohomology of a mapping torus with this
structure; the proof that it is descends to symplectic cohomology by extend-
ing the quotient construction from proposition 1.1 will appear in section five.
In order to use the algebraic formalism of [12], let us first introduce for
every (good) closed Reeb orbit γ in Mφ a formal variable qγ with opposite
grading, |qγ | = −|γ|. Note that they can be viewed as coordinates of an
abstract graded linear space Q˜ over Λ which is canonically isomorphic to the
cochain space of cylindrical contact cohomology of Mφ by identifying the
generator γ in the cochain space with the unit vector eγ in Q˜. Alternatively,
observing that the tangent space T0Q˜ ∼= Q˜ of Q˜ (at 0 ∈ Q˜) is spanned by
the vectors ∂/∂qγ with |∂/∂qγ | = −|qγ | = |γ|, we can equivalenty identify γ
with ∂/∂qγ . In any case, we will freely jump between both pictures.
Following [12] and [13], the full contact homology of Mφ is defined as the
cohomology of the cochain complex
HC∗(Mφ) = H∗(A, X˜).
Here the chain space A is defined as the graded commutative algebra
spanned by the formal variables qγ over the Novikov ring Λ. It follows that,
as a graded linear space over Λ, it is spanned by monomials qΓ := qγ1 ·. . . ·qγℓ
for all finite collections of closed Reeb orbits Γ = (γ1, . . . , γℓ). Note that
the chain algebra A can hence be identified with the algebra T (0,0) Q˜ of
(polynomial) functions (=(0, 0)-tensor fields) on the cochain space Q˜ of the
cylindrical contact cohomology of Mφ.
On the other hand, the space T (1,0) Q˜ of vector fields on Q˜ is spanned, as
a linear space over Λ, by formal products of the form qΓ ·∂/∂qγ+ . Note that
every element in T (1,0) Q˜ defines a linear map from the space of functions
A = T (0,0) Q˜ into itself, by viewing it as a derivation satisfying a graded
version of the Leibniz rule. This said, the boundary operator in full contact
homology can be encoded in the vector field
X˜ =
∑
γ+
(∑
Γ,A
1
r!
1
κΓ
♯Mγ
+
(Γ, A) · qΓtc1(A)
) ∂
∂qγ+
∈ T (1,0) Q˜
on Q˜, defined by counting unparametrized punctured J˜-holomorphic curves
with one positive cylindrical end but an arbitrary number of negative
cylindrical ends.
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For every closed unparametrized orbit γ+ (of period k ∈ N) and
every ordered set of closed unparametrized orbits Γ = (γ0, . . . , γr−1) (of
periods k0, . . . , kr−1 with k0 + . . . + kr−1 = k) of the Reeb vector field
on Mφ ∼= S
1 × M , the moduli space Mγ
+
(Γ) = Mγ
+
(Γ, A) consists of
equivalence classes of tuples (u˜, z0, . . . , zr−1) together with an asymptotic
marker (direction) at each zi, where (z0, . . . , zr−1) is a collection of marked
points on C = S2\{∞} and u˜ = (h, u) : S˙ → R×Mφ ∼= R×S
1 × M
is a J˜-holomorphic map from the resulting punctured sphere
S˙ = C \{z0 . . . , zr−1} = S
2\{z0 . . . , zr−1, z∞ = ∞} to the cylindrical
almost complex manifold R×Mφ. For the asymptotics we require that in
compatible cylindrical coordinates (s+, t+) near z∞ and (si, ti) near zi that
u˜(s+, t+) → (+∞, γ+(kt+)) as s+ → +∞ and u˜(si, ti) → (−∞, γi(kiti)) as
si → −∞ for all i = 0, . . . , r − 1.
Note that the asymptotic markers (and hence the cylindrical coordinates)
at each puncture are not fixed, but, as in the definition of cylindrical contact
cohomology, they are fixed by special points on the closed Reeb orbits.
For the latter observe that, although we want to consider the orbits as
unparametrized objects, in the original definition from [12] one arbitrarily
fixes a parametrization by choosing a special point on each closed Reeb
orbit γ. In order to provide a natural link between the cochain complexes
of cylindrical contact cohomology and Floer cohomology, note that in [15]
we have modified the original definition and now choose on each k-periodic
orbit not one but k special points, naturally given by the intersection(s)
of the orbit with the fibre over {0} × M ⊂ S1 × M ∼= Mφ. In order to
cure for the resulting overcounting, we assume that every special point
comes with the rational weight 1/k. Note that when γ is multiply-covered
then some of these special points might coincide and we sum the weights
correspondingly; in particular, when γ is a k-fold cover of a one-periodic
orbit, then we agree with the original definition in [12]. The k special points
in turn define k asymptotic markers (directions) at each cylindrical end.
As for cylindrical contact cohomology we consider unparametrized
J˜-holomorphic curves and assume that elements in the moduli space
Mγ
+
(Γ) are equivalence classes under the obvious action of the group of
Moebius transformations on C = S2\{∞} and the natural R-shift on the
cylindrical target manifold. Furthermore we assume, as before, that they
are equipped with a rational weight given by the product of the rational
weights of the special marked points defining the asymptotic markers. Note
further that in the appendix of [15] we have shown how the results in [13]
can be modified to achieve transversality for all moduli spaces Mγ
+
(Γ)
using domain-dependent Hamiltonian perturbations. Finally it can be
shown that to each J˜-holomorphic curve in Mγ
+
(Γ) one can still assign
a class A ∈ H2(M). When Γ consists of a single orbit γ
−, then we just
get back the moduli spaces of cylindrical contact homology from before,
Mγ
+
(γ−) =Mγ
+
γ−
.
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It is shown in [5], see also [13], that the moduli space Mγ
+
(Γ) =
Mγ
+
(Γ, A) is compact when the index is one and, when the index is two,
can be compactified to a one-dimensional moduli space with boundary
∂1Mγ
+
(Γ) =
⋃
Mγ
+
(Γ′)×Mγ(Γ′′)
formed by moduli spaces of the same type. For the latter we again use
that (M,ω) is closed, see the proof of the next proposition. The above
compactness result for one-dimensional moduli spaces translates into
X˜2 = 0, so that HC∗(Mφ) = H∗(T
(0,0), X˜) is well-defined.
In [15] we have shown that the vector field X˜ ∈ T (1,0) Q˜ encodes an
L∞-structure (mr) on Q˜ (with m1 = ∂ being the coboundary operator of
cylindrical contact cohomology) by polynomially expanding X˜ as
X˜(q) =
∑
r
1
r!
∑
Γ
qΓ ·mr(γ1, . . . , γr)
with Γ = (γ1, . . . , γr) at all points q = (qγ) ∈ Q˜ and identifying each γ
as usual with ∂/∂qγ . Then it follows from an easy computation that the
identity X˜2 = 0 immediately shows that the hierarchy of operations (mr)
satisfies the L∞-relations.
For the new algebraic structures arising from the definition of the big
pair-of-pants product, which we will define in the next section, we need a
more geometrical view of the L∞-structure. From [15] we recall
Proposition 2.1. The pair (Q˜, X˜) defines a (infinite-dimensional) differ-
ential graded manifold.
Proof. For the definition of a (formal pointed) differential graded manifold
we refer to [8], see also ([19], subsection 4.3). First, it follows from the degree
conventions in SFT that X˜ has degree 1. Using the definition of the graded
Lie bracket, the master equation for the boundary operator in full contact
homology further immediately implies that
[X˜, X˜ ] = 2X˜2 = 0.
Together with X˜(0) = 0 this shows that X˜ ∈ T (1,0) Q˜ is indeed a cohomo-
logical vector field in the sense of [8],[19]. 
For the translation between the languages of differential graded manifolds
and of L∞-structures, we refer to [19], see also [20].
As already mentioned above, the important property for us is that on
the resulting differential graded manifold (Q˜, X˜) one still has a space of
functions T (0,0) Q˜X˜ , called its cohomology structure sheaf in [21], and a
space of vector fields T (1,0) Q˜X˜ , called its cohomology tangent sheaf in
[21], which in turn can be used to define arbitrary tensor fields T (r,s) Q˜X˜ .
Their elements can actually be viewed as functions and vector fields on
some abstract singular space Q˜X˜ = X˜
−1(0)/ ∼ given by the solutions of
the Maurer-Cartan equation of the equivalent L∞-structure modulo gauge,
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see also section 7; since we do not need this interpretation, we will not
elaborate on this geometric picture any further here.
While T (0,0) Q˜X˜ agrees with contact homology, the space of vector fields
T (1,0) Q˜X˜ is defined using the Lie bracket by
T (1,0) Q˜X˜ := H∗(T
(1,0) Q˜, [X˜, ·]).
On the other hand, we will use that the higher tensor fields T (r,s) Q˜X˜ can
also be directly defined. For this we use the fact, which was already used
in [12] in order to define so-called satellites, that the above identity for X˜
implies that the induced Lie derivative L
X˜
defines a boundary operator on
arbitrary tensor fields T (r,s) Q˜,
LX˜ : T
(r,s) Q˜→ T (r,s) Q˜, LX˜ ◦LX˜ = L[X˜,X˜] = 0.
Note that, in analogy to the definitions of T (0,0) Q˜ and T (1,0) Q˜, the space
T (r,s) Q˜ is spanned, as a graded linear space over Λ, by formal products of
the form
qΓ · dqγ−
1
⊗ . . .⊗ dqγ−r ⊗
∂
∂qγ+
1
⊗ . . .⊗
∂
∂qγ+s
.
On the other hand, since the Lie derivative commutes with the contraction
of tensors, we find that indeed
T (r,s) Q˜X˜ = H∗(T
(r,s) Q˜,LX˜).
Following ([8], subsection 3.3) and [19], note that a morphism ϕ between
two differential graded manifolds (Q˜
−
, X˜−) and (Q˜
+
, X˜+) is a linear map
ϕ(0,0) : T (0,0) Q˜
+
→ T (0,0) Q˜
−
which is compatible with the cohomological
vector fields in the sense that X˜− ◦ ϕ(0,0) = ϕ(0,0) ◦ X˜+. Note that in
the language of ([19],subsection 4.1) this means that ϕ(0,0) defines a map
ϕ : Q˜
−
→ Q˜
+
, where Q˜
±
are viewed as formal pointed manifolds rather
than linear spaces. In particular, it follows that ϕ(0,0) descends to a map
between the spaces of functions,
ϕ(0,0) : T (0,0) Q˜
+
X˜+ → T
(0,0) Q˜
−
X˜− .
On the other hand, the map ϕ(0,0) uniquely defines a corresponding map
ϕ(0,1) : T (0,1) Q˜
+
→ T (0,1) Q˜
−
on the space of one-forms by the requirement
that d ◦ ϕ(0,0) = ϕ(0,1) ◦ d with the exterior derivative d : T (0,0) Q˜
±
→
T (0,1) Q˜
±
. It is given by
ϕ(0,1)(qΓ+dqγ+) = ϕ
(0,0)(qΓ+)ϕ(0,1)(dqγ+)
with ϕ(0,1)(dqγ+) = d(ϕ
(0,0)(qγ+)). Using the compatibility of exterior de-
rivative and Lie derivative, it again follows that ϕ(0,1) descends to a map
between the spaces of one-forms,
ϕ(0,1) : T (0,1) Q˜
+
X˜+ → T
(0,1) Q˜
−
X˜− .
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The reader familiar with the algebraic framework of SFT observes
that the chain maps for full contact homology provides us with examples
for morphisms of differential graded manifolds. Indeed, the invariance
properties of contact homology proven in [12], see [13] for the case of
Hamiltonian mapping tori, lead to an isomorphism of the corresponding
differential graded manifolds.
Let (Q˜
+
, X˜+) and (Q˜
−
, X˜−) be pairs of chain spaces and cohomological
vector fields for full contact homology, obtained using two different choices
of cylindrical almost complex structures J˜± on R×S1 ×M defined using
two different choices of Hamiltonian functions H± and ω-compatible al-
most complex structures J±. Following [13], by choosing a smooth family
(Hs, Js) of Hamiltonians and ω-compatible almost complex structures in-
terpolating between (H+, J+) and (H−, J−), we can equip the cylindrical
manifold R×S1×M with the structure of an almost complex manifold with
cylindrical ends in the sense of [5]. We then count elements in moduli spaces
M̂
γ+
(Γ) = M̂
γ+
(Γ, A) of Jˆ-holomorphic curves, which are defined analo-
gous to the moduli spaces Mγ
+
(Γ), with the only difference that we no
longer divide out the R-action in the target as the latter no longer exists. It
is shown in [12], see also [13], that we can use these counts to define a chain
map ϕ(0,0) : T (0,0) Q˜
+
→ T (0,0) Q˜
−
for the full contact homology by defining
ϕ(0,0)(qγ+) =
∑
Γ,A
1
κΓ
·#M̂
γ+
(Γ, A) · qΓtc1(A)
and ϕ(0,0)(q
γ+
1
· . . . · q
γ+s
) := ϕ(0,0)(q
γ+
1
) · . . . ·ϕ(0,0)(q
γ+s
). On the other hand,
it is shown in [12] that the map between the formal pointed manifolds Q˜
−
and Q˜
+
is indeed compatible with the cohomological vector fields in the
sense that X˜− ◦ ϕ(0,0) = ϕ(0,0) ◦ X˜+. After passing to homology, it can be
shown, see [12], that the map ϕ(0,0) indeed defines an isomorphism of the
full contact homology algebras,
ϕ(0,0) : T (0,0) Q˜
+
X˜+
∼=
−→ T (0,0) Q˜
−
X˜− .
Note that in [15] we used the same proof to show that the L∞-structure
on the cylindrical contact cohomology HC∗cyl(Mφ) is well-defined up to
homotopy.
For this we used that the L∞-structures that has orginally been defined
on the cochain space, actually descends to an L∞-structure on cohomology
by homotopy transfer. Using that the cohomological vector field X˜ is just a
geometric way to encode the L∞-structure, see [19], in complete analogy we
obtain that there exists a cohomological vector field X˜ ′ on Q˜
′
:= HC∗cyl(Mφ)
such that (Q˜, X˜) and (Q˜
′
, X˜ ′) define the same differential graded manifold,
up to homotopy; in particular, we have that the tensor fields are the same,
T (r,s) Q˜
′
X˜′
∼= T (r,s) Q˜X˜ .
For this observe that the contact homology differential naturally can be writ-
ten as an infinite sum, X˜ =
∑∞
r=1 X˜r, where X˜r ∈ T
(1,0) Q˜ contains only
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those summands with qγ-monomials of length r. It is an important observa-
tion that, in our case of Hamiltonian mapping tori, this sum indeed starts
with r = 1, since there obviously are no J˜-holomorphic disks in R×S1×M .
On the other hand, the first summand X˜1 agrees with the differential ∂ in
cylindrical contact homology,
X˜1 =
∑
γ+
(∑
γ−,A
1
κγ−
♯Mγ
+
γ−
(A) · qγ−t
c1(A)
) ∂
∂qγ+
∈ T (1,0) Q˜.
We would like to end with the following statement about differential
graded manifolds. In order to justify that we can speak about tensor fields
on some generalized version of manifold, we would like to show there is
indeed a evaluation map for tensor fields in T (r,s) Q˜X˜ .
Proposition 2.2. Since X˜(0) = 0, there exists a natural evaluation (or
restriction) map for tensor fields at q = 0,
T (r,s) Q˜X˜ → ((HC
∗
cyl)
⊗s)∗ ⊗ (HC∗cyl)
⊗r, α 7→ α(0).
Proof. For the proof we show that the Lie derivative of a tensor field α ∈
T (r,s) Q˜ in the direction of X˜ at q = 0 can be computed from the restriction of
the tensor α(0) at q = 0 and the cylindrical contact cohomology differential
∂ : T0Q˜→ T0Q˜ by
(LX˜ α)(0) = α(0) ◦ ∂ − ∂ ◦ α(0),
where ∂ denotes the obvious extension (using Leibniz rule) of the cobound-
ary operator to the tensor products T0Q˜
⊗r
, T0Q˜
⊗s
.
First, using the definition of the Lie derivative for tensor fields, we find
that
(LX˜ α)
( ∂
∂qγ0
⊗ . . . ⊗ dq
γ+s
)
is given by (
X˜
(
α
( ∂
∂qγ0
⊗ . . .⊗ dqγ+s
)))
−
(
α
(
LX˜
∂
∂qγ0
⊗ . . .⊗ dqγ+s
))
− (. . .)
− (−1)
|qγ0 |+...−|qγ+
s−1
|(
α
( ∂
∂qγ0
⊗ . . . ⊗ LX˜ dqγ+s
))
.
Now employing that X˜(0) = 0, we find that the first summand involving
the derivative of α vanishes and only the other summands involving only
the value of the tensor field at the point zero,
− α(0)
((
LX˜
∂
∂qγ0
)
(0) ⊗ . . .⊗ dqγ+s
)
− (. . .)
− (−1)|qγ0 |+...−|qγs−1 |α(0)
( ∂
∂qγ0
⊗ . . .⊗ (LX˜ dqγ+s )(0)
)
,
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remain. With the observation that the cylindrical contact cohomology dif-
ferential ∂ is given by
∂
∂qγ−
7→
(
LX˜
∂
∂qγ−
)
(0) =
∂X˜
∂qγ−
(0)
=
∑
γ+,A
1
κγ−
♯Mγ
+
γ−
(A)/R tc1(A) ·
∂
∂qγ+
,
the claim follows. 
The proof suggests that an analogous result can be shown when the point
q = 0 is replaced by any other point q ∈ Q˜ where the cohomological vector
field vanishes, X˜(q) = 0. Using the relation between the cohomological
vector field and the L∞-structure discussed in [15], note that the vanishing
of X˜ is equivalent to requiring that q ∈ Q˜ is a solution of the Maurer-Cartan
equation for the L∞-structure.
The coboundary operator ∂ : T0Q˜→ T0Q˜ of cylindrical contact cohomol-
ogy accordingly needs to be replaced by a deformed version of it,
∂q : TqQ˜→ TqQ˜,
∂
∂qγ
7→
∂X˜
∂qγ
(q) = dX˜(q)
( ∂
∂qγ
)
.
There is however a small caveat: Note that, for ∂q to be of pure degree
(one), we have to require that the degree of q as well as the degree of the
formal variable t are zero.
In order to achieve the latter, let us assume for a moment that the sym-
plectic manifold (M,ω) is Calabi-Yau in the sense that c1(A) = 0 for all
A ∈ π2(M). In this case we can then further define a so-called Euler vector
field E ∈ T (1,0) Q˜ given by
E˜ =
∑
γ
|qγ | · qγ
∂
∂qγ
with |qγ | = −CZ(γ)− 2(dimM − 2).
The fact that the cohomological vector field X˜ is counting holomorphic
curves with Fredholm index one translates into the algebraic fact that
LE˜ X˜ = [E˜, X˜] = X˜.
Corollary 2.3. For every point q ∈ Q˜ in the cochain space of cylindrical
contact cohomology where the cohomological vector field X˜ ∈ T (1,0) Q˜ as
well as the Euler vector field E˜ ∈ T (1,0) Q˜ vanish, X˜(q) = 0 = E˜(q), we can
define a deformed version of cylindrical contact cohomology HC∗cyl,q(Mφ) =
H∗(TqQ˜, ∂q) with the same cochain space TqQ˜ ∼= T0Q˜ ∼= Q˜ but deformed
differential given by ∂q = dX˜(q), ∂/∂qγ 7→ (dX˜/∂qγ)(q). Furthermore there
again exists a natural evaluation map for tensor fields at q,
T (r,s) Q˜X˜ → ((HC
∗
cyl,q)
⊗s)∗ ⊗ (HC∗cyl,q)
⊗r, α 7→ α(q).
Proof. For the proof it remains to show that the deformed differential ∂q
gives indeed a coboundary operator on the cochain space TqQ˜ ∼= Q˜ of
cylindrical contact cohomology. For this we apply the computation from
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above to the tensor field dX˜ =
∑
γ(∂X˜/∂qγ) · dqγ ∈ T
(1,1) Q˜. First, since
LX˜ X˜ = [X˜, X˜] = 0 and the exterior derivative d commutes with the Lie de-
rivative LX˜ , we indeed obtain that LX˜(dX˜) = 0. Since X˜(q) = 0, it follows
that
dX˜(q)
((
LX˜
∂
∂qγ
)
(q)⊗ dqγ+
)
+ dX˜(q)
( ∂
∂qγ
⊗ (LX˜ dqγ+)(q)
)
= 0
for all closed orbits γ, γ+. But since the latter expression can be shown to
agree with 2 · (dX˜(q) ◦ dX˜(q))(∂/∂qγ ⊗ dqγ+), the claim follows. 
3. Big pair-of-pants product
As already mentioned, it is the main goal of this paper to generalize
the big quantum product on quantum cohomology to a big pair-of-pants
product on symplectic cohomology. As with the L∞-structure discussed in
our first paper and the differential graded manifold structure, we define
the corresponding big pair-of-pants product and the resulting cohomology
F-manifold structure first on the cylindrical contact cohomology HC(Mφ)
and then show that everything descends to SH∗(M) via our quotient
construction. In other words, in this section we show that, using the
special geometry of Hamiltonian mapping tori, one can enrich the algebraic
framework of symplectic field theory by product structures.
We start by recalling the following result from [15], originally formulated
for the L∞-structure.
Proposition 3.1. The coefficients 1/κΓ ·#Mγ
+
(Γ) appearing in the defi-
nition of the cohomological vector field X˜ count Floer solutions u : S˙ → M
in the sense ([24], 6.1) with one positive puncture with varying conformal
structure and simultaneously rotating asymptotic markers.
For this we use that, following ([13], proposition 2.2), the map
u˜ = (h, u) : S˙ → R×Mφ ∼= R×S
1 ×M is J˜ -holomorphic precisely when
h : S˙ → R×S1 is holomorphic and u : S˙ → M satisfies the Floer equation
∂¯J,H,h(u) = Λ
0,1(du + XHh2 ⊗ dh2). Fixing the complex structure j on S˙,
that is, the positions of the punctures z0, . . . , zr−1 ∈ C, and forgetting the
map u, we are hence left with holomorphic functions h on C with r zeroes
z0, . . . , zr−1 of predescribed orders k0, . . . , kr−1. Since such a holomorphic
map always exists and is uniquely determined up to a C∗ ∼= R×S1-factor,
it follows that, after dividing out the natural R-action in the target, there is
an S1-family of maps h, which becomes visible in terms of the asymptotic
markers. For the latter observe that the asymptotic markers are fixed by
the special points on the closed orbits. Recall that we choose on each
k-periodic orbit k special points (each with weight 1/k to cure for the
resulting overcounting) which are naturally given by the intersection of the
orbit with the fibre over {0} ×M ⊂ S1 ×M ∼=Mφ.
In contrast to the moduli spaces considered in [24], we hence see that
the conformal structure on the punctured Riemann sphere is allowed to
vary and we allow the asymptotic markers above and below to rotate
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simultaneously. Generalizing this, the new moduli spaces used to define the
big pair-of-pants product shall consist of Floer solutions u : S˙ → M with
an arbitrary number of negative punctures and varying conformal structure
but with fixed asymptotic markers at all punctures (depending on the
underlying conformal structure). Reduced to the essence, for the definition
of the new moduli spaces for the big pair-of-pants product we going to use
that the fact that, in contrast the well-known case of contact manifolds,
there exists a natural projection from Mφ ∼= S
1 ×M to the circle. Instead
of fixing the asymptotic markers, we equivalently fix the induced branched
covering map h = (h1, h2) : S˙ → R×S
1.
For this we introduce an additional marked point z∗ on the underlying
punctured Riemann sphere S˙ = S2\{z0, . . . , zr−1,∞}. As in [12] we denote
by Mγ
+
1 (Γ) the moduli space of J˜-holomorphic curves (u˜, z0, . . . , zr−1, z
∗)
in R×S1×M with one (unconstrained) additional marked point. Using the
natural diffeomorphism Mφ ∼= S
1 ×M , note that there exists an evaluation
map from Mγ
+
1 (Γ) to S
1, given by mapping ((h, u), z0, . . . , zr−1, z
∗) to
h2(z
∗). In order to fix the asymptotic markers and hence the holomorphic
map h using the latter evaluation map, it then remains to constrain the
additional marked point a priori without using the map.
We first describe how the well-known pair-of-pants product on Floer
cohomology appears in our framework. For this observe that the pair-of-
pants product gives unique maps ⋆0 : HF
∗(φk) ⊗ HF∗(φℓ) → HF∗(φk+ℓ)
for all k, ℓ ∈ N, see e.g. [28] and [22]. Since HC∗cyl(Mφ)
∼=
⊕
k HF
∗(φk), it
immediately follows that the pair-of-pants product defines a product on the
cylindrical contact cohomology of every Hamiltonian mapping torus.
Observe that the moduli space Mγ
+
(γ0, γ1) can equivalently be de-
fined as the set of J˜-holomorphic maps u˜ : S˙ → M starting from the
three punctured sphere S˙ = S2\{0, 1,∞}. Using these unique coordi-
nates, we can fix the position of the additional marked z∗ on S˙ a priori for
each moduli space Mγ
+
(γ0, γ1). With this we define the submoduli space
Mγ
+
γ0,γ1
⊂ Mγ
+
1 (γ0, γ1) of J˜-holomorphic maps ((h, u), z
∗) ∈ Mγ
+
1 (γ0, γ1)
where the additional marked z∗ is constrained using the unique coordinates
given by the three punctures z0 = 0, z1 = 1 (and z∞ =∞) and required to
get mapped to 0 ∈ S1 under the map h2.
Proposition 3.2. Using the new moduli spacesMγ
+
γ0,γ1
and the natural iden-
tification of the cochain space of cylindrical contact cohomology with the sum
of the cochain spaces of the Floer cohomologies from ([15], proposition 2.1),
the pair-of-pants product can be defined by
γ0 ⋆˜0 γ1 =
∑
γ+,A
1
κγ0κγ1
·
1
k
·#Mγ
+
γ0,γ1
(A) · γ+tc1(A).
Proof. Following proposition 3.1, the moduli space Mγ
+
(Γ) can be iden-
tified with the moduli space of Floer solutions u : S˙ → M starting from
the three-punctured sphere with unconstrained asymptotic marker at the
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positive puncture which in turn constrains the asymptotic markers at the
two negative punctures via the induced map h. While the submoduli space
Mγ
+
γ0,γ1
⊂ Mγ
+
(γ0, γ1) is precisely characterized by the fact that the map
h is fixed, note that there is just a k-to-one correspondence between J˜-
holomorphic curves in Mγ
+
γ0,γ1
and Floer solutions u : S˙ → M with fixed
asymptotic markers at all punctures, since there is just a k-to-one corre-
spondence between asymptotic markers at the positive puncture and corre-
sponding maps h to the cylinder. Note that in our symmetrized definition,
we have k special points on the k-periodic orbit γ+ given by the intersection
with the fibre {0} ×M ⊂ S1 ×M ∼= Mφ which in turn define k asymptotic
markers, all with weight 1/k. This said, the coefficient 1/k simply means
that we count elements in the quotient Mγ
+
γ0,γ1
/Zk under the natural Zk-
action given by rotating the asymptotic marker at the positive puncture by
1/k ∈ S1 = R /Z. 
When there are more than three marked points on the sphere, such
canonical coordinates only exist whenever one selects three marked points
from the given r marked points. It is the key observation for our definition
of the big pair-of-pants product that (as for the big quantum product
but unlike for the Gromov-Witten potential) such choice of three special
punctures (the positive puncture and two of the negative punctures) is
natural.
To this end, without loss of generality, let us assume that we use the first
two and the last marked point to define coordinates by setting z0 = 0, z1 = 1
and z∞ =∞.
Definition 3.3. After fixing the position of the additional marked point z∗
using the unique coordinates on punctured sphere given by the three special
punctures, the new moduli spaces Mγ
+
γ0,γ1
(Γ) ⊂ Mγ
+
γ0,γ1
(Γ) consists of those
(equivalence classes of) tuples (u˜, 0, 1, z2, . . . , zr−1) with u˜ = (h1, h2, u) :
S˙ → R×S1 ×M , where z∗ gets mapped to 0 ∈ S1 under h2 : S˙ → S
1.
In order to obtain a product that is already (graded) commutative on the
chain level, let us from now on assume that z∗ is chosen symmetrically in
such a way that it does not change when the roles of z0 and z1 (in fixing the
coordinates) are interchanged. While in the case of three punctures from
before we could directly use the resulting coordinates to fix the position
of the additional marked point for every moduli space Mγ
+
1 (γ0, γ1), in the
case of more than three punctures we need to make a genericity assumption.
The reason is that, in contrast to the case of only three punctures, now we
have to explicitly exclude that the additional marked point coincides with
one of the remaining punctures as the J˜-holomorphic curve varies inside
the moduli space. In order to see that this is possible, it is crucial to ob-
serve that we are only interested moduli spaces of real dimension zero or one.
In the appendix we show that, by allowing the Hamiltonian H and the
compatible almost complex structure J to vary in a domain-dependent way,
the forgetful map from the resulting universal moduli space M˜
γ+
γ0,γ1
(Γ) to
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the moduli space Mr+1 of complex structures on the punctured Riemann
surface is a submersion. In particular, it follows that the image of M˜
γ+
γ0,γ1
(Γ)
transversally meets the stratum ∆ on Mr+1, defined as the set of complex
structures where the additonal marked point z∗ agrees with one of the
punctures. Since, by Sard’s theorem, this continues to hold for generic
choices of domain-dependent Hamiltonians and compatible almost complex
structures, we find that the at most one-dimensional image of the moduli
space Mγ
+
γ0,γ1
(Γ) under the forgetful map does not meet the forbidden
stratum ∆ ⊂Mr+1, possibly after perturbing H and J .
Note that the new moduli spaces Mγ
+
γ0,γ1
(Γ) are indeed generalizations of
the moduli spaces Mγ
+
γ0,γ1
in the sense that Mγ
+
γ0,γ1
= Mγ
+
γ0,γ1
(∅). Summa-
rizing, this motivates the following
Definition 3.4. On the chain level, the big pair-of-pants product is defined
to be the (1, 2)-tensor field ⋆˜ ∈ T (1,2) Q˜ given by∑
γ+,γ0,γ1
(∑
Γ,A
1
(r − 2)!
1
κγ0κγ1κ
Γ
·
1
k
·#Mγ
+
γ0,γ1
(Γ, A)· tc1(A)qΓ
)
dqγ0⊗dqγ1⊗
∂
∂qγ+
where k is the period of the closed orbit γ+.
In analogy to Gromov-Witten theory, fromMγ
+
γ0,γ1
= Mγ
+
γ0,γ1
(∅) it follows
that the big pair-of-pants product is indeed a deformation of the classical
pair-of-pants product in the sense that at q = (qγ) = 0 it agrees with the
small product,
∂
∂qγ0
⋆˜0
∂
∂qγ1
=
∑
γ+
(∑
A
1
κγ0κγ1
·
1
k
·#Mγ
+
γ0,γ1
(A) · tc1(A)
) ∂
∂qγ+
.
For this recall that we again identify the cochain space of cylindrical contact
cohomology with the tangent space T0Q˜ at zero by identifying each closed
Reeb orbit γ with the tangent vector ∂/∂qγ .
4. Cohomology F-manifolds
Like for the small pair-of-pants product, we can only expect the big pair-
of-pants product to satisfy algebraic properties like associativity and com-
mutativity when viewing it as an element in some cohomology. The main
step is to show that the big pair-of-pants product indeed defines an ele-
ment in some cohomology: Indeed, it descends to a vector field product in
T (1,2) Q˜X˜ on the differential graded manifold (Q˜, X˜).
Proposition 4.1. The big pair-of-pants product ⋆˜ ∈ T (1,2) Q˜ and the coho-
mological vector field X˜ ∈ T (1,0) Q˜ from contact homology satisfy
LX˜ ⋆˜ = 0.
Of course, the proof of the theorem relies on the translation from geometry
into algebra of a compactness result for the new moduli spaces. This is the
content of the following lemma. We emphasize that all occuring products of
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moduli spaces are to be understood as direct products as in [12], see also the
appearance of combinatorical factors in the subsequent proof of the theorem.
Lemma 4.2. By counting broken J˜-holomorphic curves (with signs) in the
codimension-one boundary of the moduli space Mγ
+
γ0,γ1
(Γ) one obtains that
the sum of the following terms is equal to zero,
(1) ∑
γ∈Γ′
1
κγ0κγ1κ
Γ′
1
k
#Mγ
+
γ0,γ1
(Γ′) ·
1
κΓ′′
#Mγ(Γ′′)
(2) ∑
γ0∈Γ′′
1
κγ′κγ1κ
Γ′
1
k
#Mγ
+
γ′,γ1
(Γ′) ·
1
κΓ′′
#Mγ(Γ′′)
(3) ∑
γ1∈Γ′′
1
κγ0κγ′κ
Γ′
1
k
#Mγ
+
γ0,γ′
(Γ′) ·
1
κΓ′′
#Mγ
′
(Γ′′)
(4) ∑
γ∈Γ′
1
κΓ
′#M
γ+(Γ′) ·
1
κγ0κγ1κ
Γ′′
1
k′
#Mγγ0,γ1(Γ
′′),
where k (k′) is the period of γ+ (γ′) and we take the union over all Γ′, Γ′′
whose union (apart from the special orbits explicitly mentioned) is Γ.
Proof. First, it is just a combinatorical exercise to deduce from the com-
pactness result for the moduli space for contact homology stated above that
the codimension one boundary of the moduli space Mγ
+
(γ0, γ1,Γ) has the
corresponding components
(1) Mγ
+
(γ0, γ1,Γ
′)×Mγ(Γ′′) with γ ∈ Γ′,
(2) Mγ
+
(γ, γ1,Γ
′)×Mγ(Γ′′) with γ0 ∈ Γ
′′,
(3) Mγ
+
(γ0, γ,Γ
′)×Mγ(Γ′′) with γ1 ∈ Γ
′′,
(4) Mγ
+
(Γ′)×Mγ(γ0, γ1,Γ
′′) with γ ∈ Γ′.
For this observe that after splitting up into a two-level holomorphic curve
either the three special punctures still lie on the same component (which
leads to components of type 1) or there are two special punctures on
one component and one special puncture on the other component (which
leads to components of type 2, 3 and 4). After introducing the con-
strained additional marked point, it follows that it sits on the unique com-
ponent which carries two or three of the special punctures. Denoting by
Mγ
+
γ0,γ1
(Γ′) ⊂ Mγ
+
1 (γ0, γ1,Γ
′) (and so on) the moduli space of holomorphic
curves with additional marked point constrained by the three special punc-
tures and mapping to zero as before, it follows that the codimension-one
boundary of the zero set Mγ
+
γ0,γ1
(Γ) has the analogous components
(1) Mγ
+
γ0,γ1
(Γ′)×Mγ(Γ′′) with γ ∈ Γ′,
(2) Mγ
+
γ,γ1
(Γ′)×Mγ(Γ′′) with γ0 ∈ Γ
′′,
(3) Mγ
+
γ0,γ
(Γ′)×Mγ(Γ′′) with γ1 ∈ Γ
′′,
(4) Mγ
+
(Γ′)×Mγγ0,γ1(Γ
′′) with γ ∈ Γ′.
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Concerning the combinatorical factors in the statement, observe that the
multiplicities k (k′) of γ+ (γ′) show up because induced holomorphic maps
to the cylinders are k- (k′-) fold coverings. More precisely, after defining
Mγ
+
γ0,γ1
(Γ) ⊂Mγ
+
(γ0, γ1,Γ) by mapping the constrained additional marked
point to zero, we still have k possible choices for the asymptotic markers
at the positive punctures. We emphasize that the underlying moduli spaces
indeed naturally carry a Zk-symmetry (due to our symmetrized definition).

For the proof of the theorem it remains to translate the geometrical result
of the lemma into algebra.
Proof. (of the theorem) Using the definition of the Lie derivative of higher
tensors, we obtain for any choice of basis vectors ∂/∂qγ0 , ∂/∂qγ1 ∈ T
(1,0) Q˜
and forms dqγ+ ∈ T
(0,1) Q˜ that
(LX˜ ⋆˜)
( ∂
∂qγ0
⊗
∂
∂qγ1
⊗ dqγ+
)
= LX˜
(
⋆˜
( ∂
∂qγ0
⊗
∂
∂qγ1
⊗ dqγ+
))
− ⋆˜
(
LX˜
∂
∂qγ0
⊗
∂
∂qγ1
⊗ dqγ+
)
− (−1)|qγ0 |⋆˜
( ∂
∂qγ0
⊗LX˜
∂
∂qγ1
⊗ dqγ+
)
− (−1)|qγ0 |+|qγ1 |⋆˜
( ∂
∂qγ0
⊗
∂
∂qγ1
⊗ LX˜ dqγ+
)
.
Now using the definition of ⋆˜ ∈ T (1,2) Q˜,
⋆˜
( ∂
∂qγ0
⊗
∂
∂qγ1
⊗ dqγ+
)
=
∑
Γ,A
1
(r − 2)!
1
κγ0κγ1κ
Γ
1
k
#Mγ
+
γ0,γ1
(Γ, A) · qΓtc1(A)
we find that the first summand is given by
LX˜
(∑
Γ,A
1
(r − 2)!
1
κγ0κγ1κ
Γ
1
k
#Mγ
+
γ0,γ1
(Γ, A) · qΓtc1(A)
)
=
∑
Γ,A
1
(r − 2)!
1
κγ0κγ1κ
Γ
1
k
#Mγ
+
γ0,γ1
(Γ, A) · LX˜ q
Γ · tc1(A).
Together with
LX˜ qγ = X˜(qγ) =
∑
Γ,A
1
r!
1
κΓ
♯Mγ(Γ, A) · qΓtc1(A)
and using the Leibniz rule, we find that the first summand is precisely
counting the boundary components of type 1, Mγ
+
γ0,γ1
(Γ′) ×Mγ(Γ′′). For
the combinatorical factors, observe that there are κγ ways to glue two
holomorphic curves along a multiply-covered orbit γ.
For the other summands, we can show in the same way that they
correspond to the other boundary components.
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Indeed, using
LX˜
∂
∂qγ0
=
∂X˜
∂qγ0
=
∑
γ
∑
Γ,A
1
r!
1
κγ0κ
Γ
♯Mγ((γ0,Γ), A) · q
Γtc1(A) ·
∂
∂qγ
(and similar for γ1), it follows that the second and the third sum-
mand correspond to boundary components Mγ
+
γ,γ1
(Γ′) × Mγ(Γ′′) and
Mγ
+
γ0,γ
(Γ′) ×Mγ(Γ′′) with γ0, γ1 ∈ Γ
′′ of type 2. For the combinatorical
factors we refer to the remark above.
Finally, using
(LX˜ dqγ+)
( ∂
∂qγ
)
= −(−1)|qγ+ | dqγ+
(∂X˜
∂qγ
)
= −(−1)|qγ+ |
∑
Γ,A
1
r!
1
κγκΓ
♯Mγ
+
((γ,Γ), A) · qΓtc1(A)
we find that the last summand corresponds to boundary components
Mγ
+
(Γ′) × Mγγ0,γ1(Γ
′′) with γ ∈ Γ′ of type 3, where the combinatorical
factors are treated as above. 
We now give the main definition of this paper. Recall that for every dif-
ferential graded manifold (Q˜, X˜) there exists a well-defined space T (1,0) Q˜X˜
of vector fields.
Definition 4.3. A cohomology F-manifold is a differential graded mani-
fold (Q˜, X˜) equipped with a graded commutative and associative product for
vector fields
⋆˜ : T (1,0) Q˜X˜ ⊗ T
(1,0) Q˜X˜ → T
(1,0) Q˜X˜ .
Note that, in his papers, Merkulov is working with different definitions of
cohomology F-manifolds and F∞-manifolds, a generalization of cohomology
F-manifold making use of the higher homotopies of the product. Since in
[20] Merkulov does not ask for any kind of integrability (in the spirit of
Hertling-Manin’s F-manifolds) and in [21] no longer requires the existence
of Euler and unit vector fields, we have decided to leave out all these
extra requirements in the paper. Furthermore note that Merkulov allows
Q˜ to be any formal pointed graded manifold, which is more general in
the sense that each (graded) vector space naturally carries the structure
of a formal pointed (graded) manifold with the special point being the
origin, see [19]. Finally we remark that our cohomology F-manifolds are
indeed infinite-dimensional and formal in the sense that we do not specify
a topology on them.
With this we can now state
Theorem 4.4. The big pair-of-pants product equips the differential graded
manifold from section two with the structure of a cohomology F-manifold
in such a way that, at the tangent space at zero, we recover the (small)
pair-of-pants product on cylindrical contact cohomology.
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Proof. The proof splits up into three parts.
Vector field product: Obviously the main ingredient for the proof is propo-
sition 4.1. There we have shown that big pair-of-pants product ⋆˜ ∈ T (1,2) Q˜
and the cohomological vector field X˜ ∈ T (1,0) Q˜ from full contact homology
satisfy the master equation LX˜ ⋆˜ = 0. This should be seen as generalization
of the master equation relating the small pair-of-pants product and the
coboundary operator of Floer cohomology, that is, cylindrical contact coho-
mology. In the same way as the latter proves that the small pair-of-pants
product descends to a product on cylindrical contact cohomology, the
master equation of proposition 4.1 shows that the big pair-of-pants product
defines an element in the tensor homology H∗(T
(1,2) Q˜,LX˜). Following the
discussion of the concept of differential graded manifolds in section two, it
follows from the compatibility of the Lie derivative with the contraction
of tensors that the big pair-of-pants product defines a (1, 2)-tensor field
⋆˜ ∈ T (1,2) Q˜X˜ , that is, a product of vector fields on the differential graded
manifold (Q˜, X˜).
Commutativity: In order to prove the main theorem, it remains to show that
this product is commutative and associative (in the graded sense). In or-
der to see that the big pair-of-pants product is already commutative on the
chain level, recall that we have already assumed that the position of the con-
strained additional marked point is chosen to be invariant under reordering
of the ordered tuple (z0, z1) (and, obviously, also of (z2, . . . , zr−1)). Hence
it directly follows that the count of elements in Mγ
+
γ0,γ1
(Γ) and Mγ
+
γ1,γ0
(Γ)
agree and hence also
∂
∂qγ0
⋆˜
∂
∂qγ1
=
∂
∂qγ1
⋆˜
∂
∂qγ0
on the chain level, up to a sign determined by the Z2-grading of the formal
variables qγ0 , qγ1 .
Associativity: In contrast to commutativity, we cannot expect to have asso-
ciativity for the big pair-of-pants on the chain level, but only after viewing
it as a vector field product on the differential graded manifold (Q˜, X˜). More
precisely, we show that the resulting (1, 3)-tensors ⋆˜10,2 and ⋆˜1,02 on Q˜ de-
fined by
⋆˜10,2 :
∂
∂qγ0
⊗
∂
∂qγ1
⊗
∂
∂qγ2
7→
( ∂
∂qγ1
⋆˜
∂
∂qγ0
)
⋆˜
∂
∂qγ2
,(1)
⋆˜1,02 :
∂
∂qγ0
⊗
∂
∂qγ1
⊗
∂
∂qγ2
7→
∂
∂qγ1
⋆˜
( ∂
∂qγ0
⋆˜
∂
∂qγ2
)
,(2)
do not agree, but only up to some LX˜ -exact term which only vanishes after
passing to the differential graded manifold (Q˜, X˜). Due to its importance,
this is the content of the following lemma, which finishes the proof of the
main theorem. 
Lemma 4.5. We have ⋆˜10,2 − ⋆˜1,02 = LX˜ α with some tensor field α ∈
T (1,3) Q˜.
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Proof. The corresponding (1, 3)-tensor field α is again defined by counting
certain submoduli spaces Mγ
+
γ0,γ1,γ2
(Γ) ⊂ Mγ
+
2 (γ0, γ1, γ2,Γ) of Floer solu-
tions,
α =
∑ 1
κγ0κγ1κγ2κ
Γ
1
k
#Mγ
+
γ0,γ1,γ2
(Γ, A)· qΓtc1(A) dqγ0⊗dqγ1⊗dqγ2⊗
∂
∂qγ+
.
Here Mγ
+
γ0,γ1,γ2
(Γ) denotes the moduli space of J˜-holomorphic curves
equipped with two constrained additional marked points z∗1 , z
∗
2 , which are
required to get mapped to zero under h2. Here the position of the first
additional marked point z∗1 is fixed by the punctures corresponding to the
orbits γ0, γ1 and γ
+, whereas the second additional marked point z∗2 is
fixed by the punctures corresponding to the orbits γ0, γ2 and γ
+.
Now observe that the codimension-one boundary of the moduli space
Mγ
+
2 (γ0, γ1, γ2,Γ) consists of components of the form
Mγ
+
1,0(Γ
′)×Mγ
′
0,1(Γ
′′)
and
Mγ
+
0,1(Γ
′)×Mγ
′
1,0(Γ
′′)
as well as of components of the form
Mγ
+
2 (Γ
′)×Mγ
′
(Γ′′)
and
Mγ
+
(Γ′)×Mγ
′
2 (Γ
′′).
Note that the difference between the first and the second case lies in the
fact that in the first case the first marked point lies in the upper component
(and the second marked point on the lower component), while in the second
case the second marked points sits on the upper component (and the first
marked point on the lower component). While in the third case it follows
that we only need to consider those components where Γ′ contains γ0, or γ1
and γ2, in the fourth case we only need to consider those components where
Γ′′ contains γ0, γ1 and γ2. On the other hand, in the first case it follows
that we only need to consider the case when Γ′ contains γ1 (and hence Γ
′′
contains γ0 and γ2), while in the second case we need that Γ
′ contains γ2
(and hence Γ′′ contains γ0 and γ1).
While in the third and in the fourth case we are again dealing with moduli
spaces with two additional marked points, note that in the first and in the
second case we are dealing with moduli spaces with one additional marked
point. Arguing as in the proof of the proposition 4.1, it then follows that
by counting the holomorphic curves in codimension-one boundary of each
moduli spaceMγ
+
γ0,γ1,γ2
(Γ), we obtain the master equation of the statement.
Indeed, while the boundary components of the first and of the second type
lead to the appearance of ⋆˜10,2 and ⋆˜1,02, the remaining boundary compo-
nents of the third and the fourth type show that associativity does not hold
on the chain level but only up to the exact term LX˜ α.
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We now turn to the invariance properties of the new objects. For this we
show that for different choices of auxiliary data like (domain-dependent)
almost complex structures and Hamiltonians, we obtain cohomology
F-manifolds which are isomorphic in the natural sense.
Let (Q˜
+
, X˜+, ⋆˜+) and (Q˜
−
, X˜−, ⋆˜−) be pairs of differential graded mani-
folds equipped with vector field products ⋆˜± in the above sense, obtained
using two different choices of cylindrical almost complex structures J˜±
on R×S1 ×M defined using two different choices of (domain-dependent)
Hamiltonian functions H± and ω-compatible almost complex structures
J±. Following [13], by choosing a smooth family (Hs, Js) of (domain-
dependent) Hamiltonians and ω-compatible almost complex structures
interpolating between (H+, J+) and (H−, J−), we can equip the cylindrical
manifold R×S1 × M with the structure of an almost complex manifold
with cylindrical ends in the sense of [5], where we denote the resulting
(non-cylindrical) almost complex structure on R×S1 ×M by Jˆ .
Recall from the section two that, by counting elements in moduli spaces
M̂
γ+
(Γ) = M̂
γ+
(Γ, A) of Jˆ-holomorphic curves, we get a morphism of the
underlying differential graded manifolds (Q˜
+
, X˜+) and (Q˜
−
, X˜−). It is given
by a linear map ϕ(0,0) : T (0,0) Q˜
+
→ T (0,0) Q˜
−
defined as
ϕ(0,0)(qγ+) =
∑
Γ,A
1
κΓ
·#M̂
γ+
(Γ, A) · qΓtc1(A)
and ϕ(0,0)(qγ+
1
·. . . ·qγ+s ) := ϕ
(0,0)(qγ+
1
)·. . . ·ϕ(0,0)(qγ+s ). In particular, the map
ϕ(0,0) on the space of functions on Q˜ uniquely defines the corresponding map
ϕ(0,1) : T (0,1) Q˜
+
→ T (0,1) Q˜
−
on the space of forms by the requirement that
d ◦ ϕ(0,0) = ϕ(0,1) ◦ d with the exterior derivative d : T (0,0) Q˜
±
→ T (0,1) Q˜
±
.
While in [12] it is shown ϕ(0,0) indeed defines an isomorphism of the space
of functions, ϕ(0,0) : T (0,0) Q˜
+
X˜+
∼=
−→ T (0,0) Q˜
−
X˜− , the map on the spaces of
forms on the differential graded manifolds, ϕ(0,1) : T (0,1) Q˜
+
X˜+ → T
(0,1) Q˜
−
X˜− ,
is also an isomorphism by the same arguments, see also the section on satel-
lites in [12]. On the other hand, having shown that the spaces of functions
and one-forms on (Q˜
±
, X˜±) are isomorphic, this automatically implies that
the same is true for all the other tensor fields T (r,s) Q˜
±
X˜± .
Theorem 4.6. For different choices of auxiliary data like (domain-
dependent) Hamiltonian functions H± and ω-compatible almost complex
structures J±, the isomorphism between the resulting differential graded
manifolds (Q˜
+
, X˜+) and (Q˜
−
, X˜−) extends to an isomorphism of cohomol-
ogy F-manifolds. In particular, after setting H = 0, we recover the coho-
mology F-manifold structure on Λ+QH∗(M) =
⊕
k∈NQH
∗(M) given by the
big quantum product.
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Proof. We prove that the isomorphism of tensor fields respects the product
structure by showing that
ϕ(0,2) ◦ ⋆˜ = ⋆˜ ◦ ϕ(0,1)
where the isomorphism ϕ(0,2) : T 0,2) Q˜
+
X˜+ → T
(0,2) Q˜
−
X˜− is on the chain level
given by ϕ(0,2)(qΓ+ · dqγ+
1
⊗ dqγ+
2
) = ϕ(0,0)(qΓ+) · ϕ(0,1)(dqγ+
1
)⊗ ϕ(0,1)(dqγ+
2
).
Denote by M̂
γ+
1 (γ0, γ1,Γ) the moduli space of Jˆ-holomorphic curves
(u˜, z0, z1, z2, . . . , zr−1, z
∗) in the topologically trivial symplectic cobordism
R×S1×M interpolating between the two choices of auxiliary data (H±, J±)
and with an additional unconstrained marked point.
As in the cylindrical case, there still exists an evaluation map to the circle,
ev : M̂
γ+
1 (γ0, γ1,Γ) → S
1 given by mapping (u˜, 0, 1, z2, . . . , zr−1, z∞, z
∗) to
h2(z
∗) with u˜ = (h1, h2, u) : S˙ →M . Summarizing we can again define new
moduli spaces M̂
γ+
γ0,γ1
(Γ) ⊂ M̂
γ+
1 (γ0, γ1,Γ) by fixing the position of the
additional marked point z∗ using the three special punctures and requiring
that it gets mapped to zero.
For the proof we now have to consider the codimension one-boundary
of the submoduli space M̂
γ+
γ0,γ1
(Γ). Instead of two types of two-level
curves we now have four types of two-level curves, where the factor
two just results from the fact that we have to distinguish which level is
cylindrical and which is non-cylindrical. As in the corresponding result
for satellites in [12], we obtain that the morphism and the product com-
mute up to terms which are exact for the Lie derivatives with respect to X˜±.
Finally, note that in the case when H = 0, the new moduli spaces
used for the definition of the big pair-of-pants product count Floer solu-
tions u : S˙ → M satisfying the Cauchy-Riemann equation ∂¯J(u) = 0 with
varying conformal structure and fixed asymptotic markers. Since each such
solution indeed extends (by the removable singularity theorem) to a map
from the closed sphere to M and we can hence also the asymptotic mark-
ers are not needed anymore, we precisely end up with the moduli spaces
of J-holomorphic spheres in M defining the big quantum product. On the
other hand, when H = 0, the cohomological vector field X˜ is vanishing.
For this observe that, in contrast to the moduli spaces for the big pair-of-
pants product, we now count Floer solutions with (simultaneously) rotating
asymptotic markers. After setting H = 0 it follows that we still arrive at
moduli spaces of J-holomorphic spheres but with a free S1-symmetry given
by the unconstrained rotating asymptotic markers. 
In particular, up to isomorphism the cohomology F-manifold structure
is contained in the Frobenius manifold structure on quantum cohomology
given by all rational Gromov-Witten invariants and hence has already been
computed in many cases, see [11].
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Furthermore, extending what we already remarked in the section on dif-
ferential graded manifolds, by abstract homotopy transfer we claim that
there exists a cohomological vector field X˜ ′ ∈ T (1,0) Q˜
′
but also a vector
field product ⋆˜′ ∈ T (1,2) Q˜
′
on Q˜
′
:= HC∗cyl(Mφ) such that (Q˜, X˜, ⋆˜) and
(Q˜
′
, X˜ ′, ⋆˜′) define the same cohomology F-manifold, up to homotopy.
5. Cohomology F-manifold structure on SH∗(M)
Summarizing we have shown that the cylindrical contact cohomology
HC∗cyl(Mφ) of any closed symplectic mapping torus Mφ can be equipped
with the structure of a cohomology F-manifold in the sense of [20], [21].
More precisely, we have shown how to define a vector field X˜ ∈ T (1,0) Q˜
and a vector field product ⋆˜ ∈ T (1,2) Q˜ on the chain space Q˜ of cylindrical
contact cohomology of Mφ such that (Q˜, X˜, ⋆˜) defines a cohomology
F-manifold. As just remarked, by abstract homotopy transfer there exists
a cohomological vector field X˜ ′ ∈ T (1,0) Q˜
′
as well as a vector field product
⋆˜′ ∈ T (1,2) Q˜
′
on Q˜
′
:= HC∗cyl(Mφ) such that (Q˜, X˜, ⋆˜) and (Q˜
′
, X˜ ′, ⋆˜′) define
the same cohomology F-manifold, up to homotopy.
Now lets again consider the case where M is an open Liouville manifold
and φ is a Hamiltonian symplectomorphism of the special form described
above. As we have already shown in [15], the differential graded manifold
structure on HC∗cyl(Mφ) indeed descends to SH
∗(M). In order to prove the
main theorem, it remains to show the following
Proposition 5.1. For a Liouville manifold M and a Hamiltonian symplec-
tomorphism φ of the special form described in the introduction, the nec-
essary compactness results for holomorphic curves still hold and hence the
cohomology F-manifold structure given by (Q˜
′
, X˜ ′, ⋆˜′) on Q˜
′
= HC∗cyl(Mφ) =⊕
k HF
∗(φk) from above is still well-defined. Furthermore, the equivalence
relation ∼ on Q˜
′
from before extends to an equivalence relation on the co-
homology F-manifold given by (Q˜
′
, X˜ ′, ⋆˜′) in such a way that we obtain a
cohomology F-manifold structure on SH∗(M).
Proof. Note for φ = φH1 we in particular require that the underlying Hamil-
tonian function H : S1 ×M → R has linear slope on the cylindrical end.
The proof is analogous to the proof in [15], where we show that the L∞-
structure on HC∗cyl(Mφ) from SFT descends to an L∞-structure on SH
∗(M).
Similar as for the well-definedness of the cylindrical contact cohomology
of Mφ and the L∞-structure defined in our first paper [15], it suffices to
show that the compactness results from [5] for closed symplectic mapping
tori still hold in the case when M is a Liouville manifold and φ = φH1 is
a Hamiltonian symplectomorphism with a Hamiltonian H : S1 ×M → R
with linear slope in the cylindrical end.
While for the result about cylindrical contact cohomology we have used
that every J˜-holomorphic cylinder u˜ is indeed given by a Floer trajectory u :
R×S1 →M and then used the well-known C0-bound for Floer trajectories
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for our specially chosen Hamiltonian, here we proceed precisely along the
same lines. Although we no longer consider cylinders, in [13], see also lemma
4.2 in [15], we have shown that for maps u˜ = (h, u) : S˙ → R×Mφ ∼=
(R×S1)×M starting from arbitrary punctured spheres S˙ we have
∂¯J˜(u˜) = 0 ⇔ ∂¯h = 0 ∧ ∂¯J,H(u) = Λ
0,1(du+XHh2(u)⊗ dh2) = 0,
where we again use the canonical diffeomorphism Mφ ∼= S
1 ×M given by
the Hamiltonian flow.
In particular, the maps u : S˙ → M still satisfy a Floer equation, where
h2 : S˙ → S
1 is the second component of the branching map h = (h1, h2) to
the cylinder. More precisely, as we have already observed in ([15], lemma
4.2), they are indeed Floer solutions in the sense of ([24], 2.5.1). That
means that the perturbed Cauchy-Riemann operator ∂¯J,H from above
belongs to the class of perturbed Cauchy-Riemann operators for punctured
spheres for which A. Ritter proved a C0-bound in ([24], lemma 19.1)
to establish his TQFT structure on symplectic cohomology. Indeed we
obviously have dβ ≤ 0 for β = dh2. Although A. Ritter only considers
moduli spaces of holomorphic curves with fixed conformal structure while
we must allow the conformal structure to vary, his C0-bound is sufficient
since we still keep the asymptotic orbits fixed. Hence we still have that
the punctured holomorphic curves in our moduli spaces stay in a compact
subset of Mφ ∼= S
1 ×M and thus the required compactness results from [5]
still apply.
Recall that in [15] we have shown that the symplectic cohomology
Q := SH∗(M) can be obtained as a quotient, Q = Q˜
′
/ ∼. For this
we use that there are linear automorphisms ϕn : Q˜
′
→ Q˜
′
n ⊂ Q˜ where
Q˜
′
n := HC
∗
cyl(Mφn) =
⊕
k HF
∗(φnk) ⊂
⊕
ℓHF
∗(φℓ) = HC∗(Mφ).
We claim that each of these linear maps can indeed be lifted to an
automorphism of the differential graded manifold structure (Q˜
′
, X˜ ′) on Q˜
′
given by the cohomological vector field X˜ ′.
First staying on the level of (co)chain groups and denoting by Q˜n the
cochain space of the cylindrical contact cohomology of Mφn , note that the
cochain maps ϕn : Q˜ → Q˜n can be lifted to maps (still denoted by ϕn) be-
tween the corresponding differential graded manifolds (Q˜, X˜) and (Q˜n, X˜n).
For this observe that ϕn, viewed as map between differential graded mani-
folds, is given by the corresponding continuation map ϕ
(0,0)
n for full contact
homology on the chain level,
ϕ(0,0)n : T
(0,0) Q˜n → T
(0,0) Q˜,
where T (0,0) Q˜, T (0,0) Q˜n are the chain groups for the full contact homology
of Mφ, Mφn . As shown in [12], they are compatible with the boundary
operators in contact homology in the sense that X˜n ◦ ϕ
(0,0)
n = ϕ
(0,0)
n ◦ X˜;
in particular, they descend to maps between the spaces of functions,
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ϕ
(0,0)
n : T
(0,0)(Q˜n)X˜n → T
(0,0) Q˜X˜ with T
(0,0)(Q˜n)X˜n = HC∗(Mφn),
T (0,0) Q˜X˜ = HC∗(Mφ), respectively.
Note that for the continuation maps ϕ
(0,0)
n for full contact homology we
count the holomorphic curves in the same almost complex manifold as for
the cochain maps ϕn for cylindrical contact cohomology, but we now do not
only count cylinders but rational curves with arbitrary many cylindrical
ends. For each n ∈ N the continuation map ϕ
(0,0)
n : T
(0,0) Q˜n → T
(0,0) Q˜
is defined by counting holomorphic curves with one positive and arbitrary
many cylindrical ends in R×S1 ×M equipped with a R-dependent almost
complex structure Jˆ . It is explicitly determined by Jˆ = Jt on TM and
Jˆ∂s = ∂t + X
H
s,t, where Hs,t : M → R, (s, t) ∈ R×S
1 shall be viewed as
an R-dependent family of S1-dependent Hamiltonians which interpolates
between H+t := Ht and H
−
t := H
n
t = nHnt in the sense that Hs,t = H
+
t for
s > s0 and Hs,t = H
−
t for s < −s0 (for some fixed s0 >> 1).
As for the linear maps, we clearly need to establish compactness for
the appearing moduli spaces. Since the compactness results from [5]
for symplectic cobordisms only apply to manifolds with cylindrical ends
over closed stable Hamiltonian manifolds, we again need C0-bounds
for the holomorphic curves in the cobordism interpolating between the
mapping tori Mφ,Mφn ∼= S
1 × M . As shown in [13] and already used
in ([15], proposition 4.4), it follows that these holomorphic maps from a
punctured sphere S˙ are given by a branching map to the cylinder and a
map u : S˙ → M satisfying now the perturbed Cauchy-Riemann equation
∂¯J,H˜(u) = Λ
0,1(du+XH˜h1,h2(u)⊗ dh2), where H˜s,t now interpolates between
Ht and H
n
t = nHnt from before. Assuming again that H˜ is chosen to be
monotone in the R-coordinate s in the sense that H˜s,t = ϕ(s) · Ht with
ϕ′ ≤ 0, then the result in the appendix of ([24], lemma 19.1) can still be
applied to give the desired C0-bound and hence the required compactness
statement.
Using homotopy transfer, we claim that also the linear map ϕn : Q˜
′
→ Q˜
′
n
on cohomology can be lifted to maps between the differential graded man-
ifold structures (Q˜
′
, X˜ ′) and (Q˜
′
n, X˜
′
n). In order to see ϕn indeed gives
an automorphism of the differential graded manifold structure (Q˜
′
, X˜ ′) on
Q˜
′
= HC∗cyl(Mφ), it suffices to observe that (Q˜
′
n, X˜
′
n) is indeed a differential
graded submanifold of (Q˜
′
, X˜ ′) in the sense that the cohomological vector
field X˜ ′n ∈ T
(1,0) Q˜
′
n is just the restriction of X˜
′ ∈ T (1,0) Q˜
′
to Q˜
′
n ⊂ Q˜
′
.
For this we observe that every meromorphic function on the sphere, whose
orders of zeroes and poles are all multiples of some natural number n,
factorize through the map z 7→ zn. The latter then implies that every
holomorphic curve in R×Mφ, whose asymptotic orbits all correspond to
fixed points of φkn for some k ∈ N, can be viewed as a holomorphic curve in
R×Mφn . But with this it immediately follows that X˜
′
n is just the restriction
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of X˜ ′ to Q˜
′
n ⊂ Q˜
′
and we hence indeed obtain that X˜ ′ ◦ ϕ
(0,0)
n = ϕ
(0,0)
n ◦ X˜ ′.
Note that, so far, the proof is just a reformulation of the corresponding
statement for the L∞-structure in [15]. In particular, it follows that
the differential graded manifold structure (Q˜
′
, X˜ ′) on Q˜
′
= HC∗cyl(Mφ)
descends to a differential graded manifold structure (Q,X) on the quotient
Q = Q˜
′
/ ∼, that is, on the symplectic cohomology Q = SH∗(M) of the
Liouville manifoldM . Note that the master equation X˜ ′ ◦ϕ
(0,0)
n = ϕ
(0,0)
n ◦X˜ ′
relating the endomorphisms ϕn and the cohomological vector field X˜
′ proves
that X˜ ′ descends to a cohomological vector field X ∈ T (1,0)Q on Q.
Note that the induced cohomological vector field X has the property that
the corresponding space of functions T (0,0)QX is related to the space of
functions T (0,0) Q˜
′
X˜′ via
T (0,0)QX = {f ∈ T
(0,0) Q˜
′
X˜′ : ϕ
(0,0)
n (f) = f for all n ∈ N}.
Note that in analogous way we obtain for the corresponding spaces of one-
forms,
T (0,1)QX = {α ∈ T
(0,1) Q˜
′
X˜′ : ϕ
(0,1)
n (α) = α for all n ∈ N}.
Furthermore this determines also the higher tensor fields on QX .
On the other hand, after employing the C0-bound from ([24], lemma 19.1),
the functoriality result for the big pair-of-pants product, used in the proof of
theorem 4.6 above, immediately implies that the big pair-of-pants product
⋆˜ is compatible with each of the endomorphisms ϕn in the sense that
⋆˜ ◦ ϕ(0,1)n = (ϕ
(0,1)
n ⊗ ϕ
(0,1)
n ) ◦ ⋆˜.
But this in turn yields that ⋆˜′ indeed descends to a product ⋆ ∈ T (1,2)QX
on vector fields on (Q,X).
In order to see that our cohomology F-manifold structure is indeed an
extension of the well-known ring structure on SH∗(M) given by the (small)
pair-of-pants product, note that by proposition 2.2 there exists an evaluation
map for the big pair-of-pants product ⋆ ∈ T (1,2)QX at q = 0 ∈ SH
∗(M).
Since the linear part X1 of the cohomological vector field X vanishes as the
same holds true for the cohomological vector field X˜ ′ on Q˜
′
= HC∗cyl(Mφ)
obtained by homotopy transfer, we get a product ⋆0 = ⋆(0) directly on
SH∗(M). On the other hand, it follows directly from the definition of the
big pair-of-pants product, see proposition 3.2 together with the definition
in [24], that this product indeed agrees with the small pair-of-pants product.
It remains to discuss the well-definedness of the cohomology F-manifold
structure on SH∗(M).
First it is shown in the appendix of [15] how the transversality result
using domain-dependent Hamiltonian perturbations in [13] is generalized to
prove transversality for all occuring moduli spaces, see the appendix below
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how transversality for the forgetful map is achieved. As already discussed
in [15], the dependence of the Hamiltonian (and the compatible almost
complex structure) on points on the underlying punctured sphere does not
destroy our required C0-bound as long as we require that the Hamiltonian
(and the compatible almost complex structure) is domain-independent
(fixed) outside the compact region containing the periodic orbits. While
this ensures that the holomorphic curves cannot leave the corresponding
compact region of Mφ ∼= S
1 ×M , the resulting set of domain-dependent
Hamiltonian perturbations is still large enough in order to get regularity
for generic choices.
On the other hand, our construction employs the choice of single
Hamiltonian function H with linear growth on the cylindrical end. While it
is well-known that the symplectic cohomology is independent of this choice,
SH∗(M) ∼= SH∗(H), it remains to prove that the cohomology F-manifold
structure that we have defined is also invariant.
For this let H−, H+ be two admissible Hamiltonians with H+ ≥ H−.
The required continuation map ϕ : SH∗(H−) → SH
∗(H+) is obtained from
a continuation map ϕ˜ : HC∗cyl(Mφ−) → HC
∗
cyl(Mφ+) with φ± = φ
1
H±
. As
before this lifts to a continuation map ϕ˜ : (Q˜
′−
, X˜ ′−)→ (Q˜
′+
, X˜ ′+), that is,
a map
ϕ˜(0,0) : T (0,0) Q˜
′+
→ T (0,0) Q˜
′−
with X˜ ′− ◦ ϕ˜(0,0) = ϕ˜(0,0) ◦ X˜ ′+.
On the other hand, the obvious compatibility of ϕ˜(0,0) with the continuation
maps used in the definition of symplectic cohomology for H− and H+ as well
as with the big pair-of-pants product immediately proves that ϕ˜ induces a
map between the cohomology F-manifolds. Note that, while the arrows can-
not be reversed, we can follow the standard trick in symplectic cohomology
and consider the continuation map from H+ to a sufficiently large integer
multiple nH− with nH− ≥ H+. Since the cohomology F-manifold structure
defined using H− by construction agrees with the cohomology F-manifold
structure defined using nH−, we obtain the required isomorphism of coho-
mology F-manifolds. 
As already outlined in the summary, dropping for the moment the Liou-
ville condition and assuming that the symplectic manifold M is closed, it
follows from theorem 2.15 in [15] that we recover the well-known structures
from rational Gromov-Witten theory.
Proposition 5.2. When M is a closed symplectic manifold, then the co-
homological vector field X is zero and the big pair-of-pants product ⋆ on
SH∗(M) = QH∗(M) agrees with the big quantum product.
Proof. For the proof it suffices to observe that, in the case whenM is closed,
then one can choose H = 0, so that HF∗(φk) = QH∗(M) for all k ∈ N and
hence HC∗cyl(Mφ) =
⊕
k∈NQH
∗(M). Furthermore, all maps cobordism maps
are the identity since one can choose the trivial Hamiltonian homotopy to
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interpolate between H and nH for all n ∈ N, so that our quotient con-
struction just recovers the well-known identity SH∗(M) = QH∗(M). The
statement then immediately follows from theorem 4.6 above. 
6. Applications to quantum cohomology of the quintic
In this section we now want to describe a relation to the small quantum
cohomology ring of the quintic 3-fold which, focussing on categories and
their Hochschild cohomologies, has been conjectured by Seidel in [27].
Recall that corollary 2.3 shows that, if M is Calabi-Yau, there exists an
evaluation map ⋆ 7→ ⋆(q) =: ⋆q for the big pair-of-pants ⋆ at all points
q ∈ Q at which the cohomological vector field X ∈ T (1,0)Q as well as the
Euler vector field E ∈ T (1,0)Q on Q = SH∗(M) vanish, X(q) = 0 = E(q).
Notethat the Euler vector field that we originally defined on cylindrical
cohomology indeed descends (in the obvious sense) to an Euler vector field
on symplectic cohomology during our quotient construction. Further we
have seen that ⋆q is a graded commutative and associative product on a
version of SH∗(M) with a (possibly) deformed coboundary operator.
We want to use our newly defined algebraic structure on symplectic coho-
mology to give a precise mathematical formulation of a conjecture sketched
in [27], relating quantum cohomology and symplectic cohomology of divisor
complements. As in [27] let M = (M,ω) be a smooth complex projective
variety with trivial canonical bundle and D ⊂ M a smooth hyperplane
section in it whose homology class [D] is Poincare dual to [ω]. Then the
complement M := M\D is an exact symplectic manifold with cylindrical
end over the unit normal bundle ND of D inM with trivial first Chern class.
It follows that the small quantum cohomology QH∗(M) is given as the
tensor product of singular cohomology H∗(M ) with the Novikov ring Λ0
of power series in a formal variable t of degree zero. The small quantum
product on QH∗(M) can be viewed as a family of deformed products
⋆t : H
∗(M ) ⊗ H∗(M) → H∗(M), where the coefficient in front of tk is
counting holomorphic spheres of degree k, that is, which intersect the
divisor D k-times.
Restricting further to the case where M denotes the hypersurface of de-
gree 5 in CP4, it is known that the small quantum product is only nontrivial
in degree zero, that is, it restricts to a family of products ⋆t on H
0(M),
where it actually counts isolated rational curves (and their multiple covers)
for a generic choice of complex structure. Note that here we use the adapted
degree convention from symplectic field theory, that is, H0(M) is now gen-
erated by cohomology classes of degree two. While this sounds unnatural,
we emphasize that the freedom in degree-shift in symplectic cohomology
gets lost in our enhanced algebraic framework and we are forced to work
with the shifted grading conventions from [12] instead. Motivated by the
discussion in [27], in particular, concerning the connection between H0(M)
and the symplectic cohomology group SH0(M) of the divisor complement
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M =M\D (in our new degree convention), we formulate the following con-
jecture, which in turn might lead to an alternative proof of mirror symmetry
for the quintic.
Conjecture 6.1. The small quantum product of the quintic three-fold
⋆t : H
0(M)⊗H0(M )→ H0(M ),
encoding the count of rational curves (and their multiple covers), agrees with
the family of deformed pair-of-pants products
⋆q : SH
0(M)⊗ SH0(M)→ SH0(M)
with q = t[D] ∈ SH0(M), where [D] denotes the canonical generator of
SH0(M) representing the Morse-Bott family of closed Reeb orbits of period
one given by all fibres of the S1-bundle ND → D.
For the proof one has to extend the work of Bourgeois-Oancea in [7] from
the symplectic cohomology ring to its cohomology F-manifold structure.
First, because of an obvious S1-symmetry of the relevant moduli spaces it
becomes apparent that X(q) = 0 and the restriction to degree zero of the
evaluation ⋆q := ⋆(q) of the big pair-of-pants product gives indeed a new
commutative and associative product on SH0(M). Further we claim that one
can prove that the deformed pair-of-pants product ⋆q at the point q = t[D]
indeed counts holomorphic spheres in M , where the coefficient in front of qk
indicates the count of those which intersect D ⊂M (k + 3)-times2.
7. Cohomology F-manifold structure on H∗(M∨,
∧∗ TM∨)
In these last two sections we want to compare our result from the
symplectic side with the complex side of mirror symmetry.
The classical mirror symmetry conjecture for closed Calabi-Yau manifolds
M and M∨ relates the Gromov-Witten theory of M with the (extended)
deformation theory of complex structures on M∨, and vice versa. It can be
formulated as an isomorphism of Frobenius manifolds. Indeed, for closed
Calabi-Yau manifolds M∨ Barannikov and Kontsevich have defined in their
papers [4], [3] a Frobenius manifold structure on the Dolbeault cohomology
H∗(M∨,
∧∗ TM∨) of polyvector fields that is supposed to agree with the
Frobenius manifold structure on the quantum cohomology of M given by
rational Gromov-Witten invariants in the case when M and M∨ are mirror.
From now on we assume that M∨ is no longer a closed but an open com-
plex (Calabi-Yau) manifold. In the case whenM∨ is still closed but no longer
Calabi-Yau, Merkulov has shown in his paper [20] that the Barannikov-
Kontsevich construction just leads to a cohomology F-manifold. Among
other examples from deformation theory, this was actually the reason why
he introduced the notion of cohomology F-manifolds. Along the lines of
Merkulov’s result we get
2Note that the additional summand refers to the three special punctures.
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Theorem 7.1. When M∨ is an open complex manifold, Calabi-Yau or not,
then the extended deformation theory of complex structures equips the Dol-
bault cohomology H∗(M∨,
∧∗ TM∨) with the structure of a cohomology F-
manifold, which in general cannot be lifted to a Frobenius manifold struc-
ture.
Proof. Note that in ([15], conjecture 7.1) we have already outlined how
the underlying L∞-structure is defined. Since our paper particularly
aims at symplectic geometers, as in [15] let us quickly recall the basics of
deformation theory of complex manifolds, where we refer to [18] for a great
exposition. On the other hand, since all this is in complete analogy to the
result for closed non-Calabi-Yau manifolds in [20], apart from this we just
recall the main steps for the completeness.
Note that a choice of an almost complex structure J on M∨ defines a
unique splitting of the complexified tangent bundle into (1, 0)- and (0, 1)-
part,
TM∨ ⊗ C = T 1,0 ⊕ T 0,1.
On the other hand, a complex structure J can be characterized by the fact
that the (0, 1)-part of the complexified tangent bundle is closed under the
Lie bracket, [T 0,1, T 0,1] ⊂ T 0,1.
While it easily follows that, near the fixed complex structure J∨, the space
of almost complex structures can be identified with the space A(0,1)(TM∨)
of (0, 1)-forms with values in the holomorphic tangent bundle TM∨ = T
1,0
of M∨ = (M∨, J∨), the subset of complex structures agrees locally with the
solution set of the Maurer-Cartan equation
∂¯q +
1
2
[q, q] = 0, q ∈ A(0,1)(TM∨).
Here ∂¯ : A(0,q)(TM∨) → A
(0,q+1)(TM∨) is the Dolbeault operator and
[·, ·] : A(0,p)(TM∨)⊗A
(0,q)(TM∨)→ A
(0,p+q)(TM∨) is the natural Lie bracket
on polyvector-valued forms, see [18].
In the Barannikov-Kontsevich construction we however need to study
the extended deformation theory of complex structures, which is now
locally modelled by the dg Lie algebra of polyvector-valued forms
(A(0,∗)(
∧∗ TM∨), ∂¯, [·, ·]). Following [20], the resulting differential graded
manifold (Q,X) is explicitely given by
Q = A(0,∗)(
∗∧
TM∨) =
⊕
p,q
A(0,q)(
p∧
TM∨),
and the vector field X ∈ T (1,0)Q which again encodes the dg Lie algebra
and is hence given by
X(q) = ∂¯q +
1
2
[q, q], q ∈ Q .
In particular, ∂¯ ◦ ∂¯ = 0 and the fact that ∂¯ is a derivation of [·, ·] is again
equivalent to the statement that X is a cohomological vector field on Q in
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the sense that [X,X] = 2X2 = 0 and X(0) = 0.
Starting with the observation that the zeroes of the cohomological vector
field X agree with solutions of the corresponding Maurer-Cartan equation,
one can indeed see that the moduli space of complex structures on M∨ near
J∨ is locally modelled by the (1, 1)-part of (Q,X).
As we already mentioned in section two when we introduced the concept
of differential graded manifolds, their tensor fields T (r,s)QX can actually be
viewed as tensor fields on some abstract singular space QX = X
−1(0)/ ∼
given by the solutions of the Maurer-Cartan equation modulo gauge. While
in section two we emphasized that QX itself would not have any meaning
for us, at least for our constructions on the symplectic side, on the complex
side the (1,1)-part of QX is actually a local model for the moduli space
of complex structures on M∨ near J∨; in particular, the moduli space is
smooth near J∨ if and only if the (1,1)-part of QX is smooth, i.e., a linear
space.
On the other hand, the reason why we have to consider the dg Lie algebra
structure on the space of polyvector-valued forms A(0,∗)(
∧∗ TM∨) instead
of the space of vector-valued forms A(0,∗)(TM∨) is that the first carries a
canonical wedge product,
∧ : A(0,p)(
r∧
TM∨)⊗A
(0,q)(
s∧
TM∨)→ A
(0,p+q)(
r+s∧
TM∨).
Note that this wedge product can immediately be used to define a constant
(!) product on vector fields ⋆ : T (1,0)Q⊗T (1,0)Q → T (1,0)Q by requiring
that ⋆q = ∧ on each tangent space Tq Q ∼= Q.
The fact that the wedge product can be added to the dg Lie algebra
from before to form a dg Gerstenhaber algebra (A(0,∗)(
∧∗ TM∨), ∂¯, [·, ·],∧)
is indeed equivalent to LX ⋆ = 0, see [20] for a proof. Hence the wedge
product descends to a product
⋆ : T (1,0)QX ⊗T
(1,0)QX → T
(1,0)QX
on vector fields of the differential graded manifold from the extended defor-
mation theory of complex structures on M∨. Furthermore, by definition, it
agrees with the canonical wedge product
⋆0 = ∧ : H
p(M∨,
r∧
TM∨)⊗H
q(M∨,
s∧
TM∨)→ H
p+q(M∨,
r+s∧
TM∨)
at the tangent space at the origin.
It follows that (Q,X, ⋆) defines a cohomology F-manifold. At the end
let us show why the given cohomology F-manifold in general can no longer
be lifted to a Frobenius manifold structure as in [4] when the Calabi-Yau
manifold M∨ is no longer closed.
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In order to show that they really obtain a Frobenius manifold for a closed
Calabi-Yau manifold M∨ this way, in [4] Barannikov and Kontsevich first
need to show that the differential graded manifold QX is indeed smooth,
that is, after using homotopy transfer the resulting cohomological vector
field X ′ on Q′ = H∗(M∨,
∧∗ TM∨) vanishes. Their result relies crucially on
the following two facts:
(1) Since M∨ is Calabi-Yau and hence a holomorphic volume form
Ω exists, the dg Gerstenhaber algebra (A, ∂¯, [·, ·],∧) can indeed
be lifted to a dg Batalin-Vilkovyski algebra (A, ∂¯,∆,∧), where
the BV operator ∆ is given by the holomorphic differential ∂ on
forms via the duality between polyvector fields and forms given by Ω,
(2) the ∂-∂¯-lemma for forms.
In the same way as the failure of the first ingredient is the reason why
Merkulov introduced cohomology F-manifolds in order to treat the case of
closed non-Calabi-Yau manifolds, we also only get cohomology F-manifolds
since the ∂-∂¯-lemma only holds for closed complex manifolds. In other
words, the second ingredient fails in our case of open Calabi-Yau manifolds.
Finally note that, since we do not introduce flat coordinates and a potential,
as in [20], [21] we do not get a family of structures as in [3]. 
8. Closed-string mirror symmetry for open Calabi-Yau
manifolds
For a moment let us assume that M is a general symplectic manifold, not
necessarily Liouville. When the symplectic manifold M is closed, then the
Hamiltonian function H on M can be chosen to be zero (C2-small). Note
that this immediately implies that the symplectic cohomology SH∗(M)
of a closed symplectic manifold M agrees with its quantum cohomology
QH∗(M). Generalizing this we have seen in proposition 5.2 above that the
big pair-of-pants product ⋆ agrees with the big quantum product of rational
Gromov-Witten theory and the corresponding cohomological vector field
X is indeed zero on quantum cohomology. This follows from the fact that
all moduli spaces of holomorphic curves with three or more punctures then
come with an S1-symmetry as proven in [13]. Note that in this case all
periodic orbits correspond to critical points, so that the simultaneously
rotating asymptotic markers are unconstrained.
On the other hand, when the Lie bracket on SH∗(M) and
H∗(M∨,
∧∗ TM∨) does not vanish on homology, then the cohomology F-
manifold structures can not be lifted to a Frobenius manifold structure. All
this motivates us to state the following classical mirror theorem for open
Calabi-Yau manifolds.
Conjecture 8.1. When M and M∨ are open Calabi-Yau manifolds which
are mirror to each other (in the sense of homological mirror symmetry), then
the ring isomorphism between SH∗(M) and H∗(M∨,
∧∗ TM∨) can be lifted to
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an isomorphism of cohomology F-manifolds, as defined in section one and
two.
While on the complex side the limitation of the ∂-∂¯-lemma is the reason
why we can only expect to obtain a cohomology F-manifold, on the sym-
plectic side this is a consequence of a compactness problem for the moduli
spaces of holomorphic curves used to define the big pair-of-pants product.
In other words, the non-smoothness of the (extended) moduli space of
complex structures is mirror to the fact that big pair-of-pants product does
not descend to a vector field product on symplectic cohomology.
While it would be interesting to see how the work of Costello in [10]
needs to be adapted to cover the case of open Calabi-Yau manifolds (note
that now the BV operator ∆ is non-zero, in general), there is already a
concrete plan for proving the above conjecture. It consists of the following
two steps.
(1) By extending Merkulov’s proof from A∞-algebras to A∞-categories,
the result in [20] shows that the Hochschild cohomologies of the
wrapped Fukaya category Fukw(M) ofM and of the bounded derived
category of coherent sheaves DbCoh(M∨) on M∨ both canonically
carry the structure of a cohomology F-manifold. In the case when
M and M∨ are mirror in the sense of homological mirror symmetry,
this would automatically imply that the ring isomorphism
HH∗(Fukw(M)) ∼= HH
∗(Db Coh(M∨))
can indeed be lifted to an isomorphism of cohomology F-manifolds.
Note that the latter sees more of the rich homotopy information.
(2) By extending Ganatra’s work in [16], it then remains to show that
the ring isomorphisms
SH∗(M) ∼= HH∗(Fukw(M)),
H∗(M∨,
∗∧
TM∨) ∼= HH
∗(DbCoh(M∨))
can again be lifted to an isomorphism of cohomology F-manifolds.
For completeness let us add a speculation about the more generalized
setup of mirror symmetry, as discussed for example in [2]. Roughly speak-
ing, when the open symplectic manifold M is no longer Calabi-Yau, one can
no longer expect to get a mirror manifold M∨ but just a Landau-Ginzburg
model w : M∨ → C. Although w in general has non-isolated singular-
ities and hence Saito’s construction of a Frobenius manifold is no longer
applicable, our first theorem establishes the existence of a cohomology F-
manifold structure on symplectic cohomology also in the non-Calabi-Yau
case. Guided by the principle of mirror symmetry we get the next
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Conjecture 8.2. When a complex Landau-Ginzburg potential w :M∨ → C
is mirror to an open symplectic manifoldM (in the sense of homological mir-
ror symmetry), then there exists a cohomology F-manifold structure on the
Hochschild cohomology for w, defined entirely in terms of the deformation
theory of its singularities, which is isomorphic to the cohomology F-manifold
structure on SH∗(M).
Testing our conjecture by straight computation is, of course, already very
hard, as even the computation of symplectic cohomology together with
its ring structure is generally quite involved. In order to at least provide
the most basic example, let us consider the one-dimensional complex torus
which is indeed its own mirror, M∨ = C∗ = T ∗S1 = M , see also [25] for
further details.
Here it is easy to see that, as vector spaces, we indeed have
SH∗(T ∗S1) ∼= H1−∗(ΛS
1) ∼= Z[x±]⊗ Λ∗[x∨] ∼= H∗(C∗,Λ∗TC∗),
where xk ∈ Z[x±]⊗ Λ0[x∨] corresponds to the unique unparametrized geo-
desic covering S1 |k|-times with the same or opposite direction in SH0(T ∗S1)
and to the holomorphic function z 7→ zk ∈ O(C∗) = H0(C∗,Λ∗TC∗).
On the other hand, xk ⊗ x∨ ∈ Z[x±] ⊗ Λ1[x∨] corresponds to the
unique parametrized geodesic covering S1 |k|-times with the same or
opposite direction in SH1(T ∗S1) and to the holomorphic vector field
z 7→ zk+1 · ∂/∂z ∈ H1(C∗,Λ∗TC∗).
The canonical factorwise product on Z[x±] ⊗ Λ∗[x∨] agrees with the
pair-of-pants product on SH∗(T ∗S1) (that is, the loop product on H∗(ΛS1))
and with the natural product of polyvector fields on H∗(C∗,Λ∗TC∗).
Further it is also not hard to check that that the BV operator ∆ on
Z[x±]⊗ Λ∗[x∨] given by ∆(xk) = 0, ∆(xk ⊗ x∨) = kxk agrees with the BV
operator on SH∗(T ∗S1) (simply given by forgetting the parametrization)
and with the BV operator on H∗(C∗,
∧∗ TC∗) given by the ∂-operator on
(p, q)-forms under the isomorphism A(0,q)(
∧p TC∗) ∼= A(n−p,q)(C∗) given by
a holomorphic volume form Ω = z−1dz ∈ A(1,0)(C∗).
On the symplectic side, one just needs to observe that, in the case of
M = T ∗S1 = R×S1, the choice of a Hamiltonian H : M → R amounts to
the choice of a function h : R→ R which is linearly growing to +∞ outside
a compact interval and is C2-small there. It follows that a punctured
holomorphic curve as used in the definition of the cohomological vector
field X and for the big pair-of-pants product ⋆ on SH∗(T ∗S1) exists if the
corresponding branched covering to the cylinder exists, since introducing
the additional positive Hamiltonian term in the Cauchy-Riemann equation
just has the consequence that the image of the resulting punctured curve
gets contracted in the R-direction to an open interval of finite diameter.
In particular, while on the complex side it is clear that there are no fur-
ther contributions other than the BV bracket and the product, the same can
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immediately be seen also on the symplectic side. Indeed, although by dimen-
sion reasons it would be possible that there is a contribution to the cohomo-
logical vector field (and also to the big pair-of-pants product) by punctured
holomorphic curves with three incoming ends approaching parametrized or-
bits in all three cases, they can indeed not exist as for branched covers over
the cylinder it is only possible to fix the S1-symmetry once.
Appendix: Transversality for the forgetful map
Note that in the appendix in [15] we have shown how to prove transver-
sality for all moduli spaces Mγ
+
(Γ) using coherent domain-dependent
Hamiltonian perturbations, building on the author’s previous work in [13].
For this we use that, by forgetting the map to the symplectic manifold, there
exists a forgetful map from each moduli space Mγ
+
(Γ) to the moduli space
M(~k) of holomorphic maps from (r + 1)-punctured sphere to the cylinder
up to automorphisms of the domain and R-shift, where ~k = (k0, . . . , kr−1)
is the ordered set of periods of the orbits in Γ. In other words, it only
remembers the conformal structure and, in contrast to the construction
in [13], also the asymptotic markers. Generalizing the setup in [13], we
define in [15] a domain-dependent Hamiltonian perturbation as a map
H(~k) : M1(~k) → C
∞(M), where M1(~k) → M(~k) denotes the universal
curve obtained after introducing an unconstrained additional marked
point. Restricting to the fibre over each point (h, j) ∈ M(~k) we obtain
a Hamiltonian function which depends on points on the corresponding
punctured Riemann surface.
By allowing the choice of domain-dependent Hamiltonian perturbation to
vary in the space H = H(~k), let M˜
γ+
(Γ) denote the corresponding universal
moduli space. In this appendix we want to show that the forgetful map from
M˜
γ+
(Γ) to the underlying moduli space Mr+1 of r + 1-punctured spheres
is a submersion. Indeed we want to prove that this continues to hold for the
universal moduli spaces M˜
γ+
γ0,γ1
(Γ) ⊂ M˜
γ+
(γ0, γ1,Γ) over the submoduli
spaces Mγ
+
γ0,γ1
(Γ) ⊂ Mγ
+
(γ0, γ1,Γ) used to define the big pair-of-pants
product. While this would imply that the image of M˜
γ+
γ0,γ1
(Γ) under this
forgetful map would meet every subvariety inMr+1 transversally, the latter
would indeed continue to hold for the moduli space Mγ
+
γ0,γ1
(Γ) itself for a
generic choice of domain-dependent Hamiltonian perturbation by Sard’s
theorem.
In order to prove this result, it turns out to be easier to first slightly
enlarge the space of perturbations. Motivated by the similar result in [30],
from now on we do not only want to allow the Hamiltonian H but also
the compatible almost complex structure J to vary. In complete analogy
one can define a domain-dependent compatible almost complex structure
as map J(~k) : M1(~k) → J (M,ω), where J (M,ω) denotes the space of
compatible almost complex structures on M = (M,ω). In order to obtain
coherent choices for all moduli spaces, note that we can proceed precisely
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as in [15] .
For the resulting new universal moduli space, still denoted by M˜
γ+
γ0,γ1
(Γ),
we do not only allow H = H(~k) but also J = J(~k) to vary in a coherent
domain-dependent fashion, where we denote by J = J (~k) the correspond-
ing space of domain-dependent almost complex structures. While just
considering domain-dependent almost complex structures is not sufficient
to prove transversality due to multiple covers of orbit cylinders, see [14],
we show that the forgetful map from the enlarged universal moduli space
M˜
γ+
γ0,γ1
(Γ) to Mr+1 is indeed a submersion.
In order to prove this, let us fix (h, u, j, J,H) ∈ M˜
γ+
γ0,γ1
(Γ). We need to
show that
∀y ∈ TjM = TjMr+1 ∃(χ, ξ, y, Y,G) ∈ T(h,u,j,J,H)M˜
γ+
γ0,γ1
(Γ).
Note that, in the notation from [13], this is equivalent to showing that for
every y ∈ TjM there exist χ ∈ H
1,p,d
const(S˙,C), ξ ∈ H
1,p(u∗TM), Y ∈ TJJ
and G ∈ THH such that
Dh,u,j,J,H · (χ, ξ, y, Y,G) = (∂¯χ+D
1
j y,Duξ +D
2
j y +DJY +DHG)
∈ Lp,d(Λ0,1)⊗ Lp(u∗TM).
is equal to zero.
First, since for every choice of complex structure j on the punctured
Riemann surface S˙ there exists a branched covering map h = (h1, h2) to the
cylinder, it follows that for every y ∈ TjM there exists χ ∈ H
1,p,d
const(S˙,C)
such that ∂¯χ = D1j y = i · dh · y. Note that we use that this continues to
hold true when we require that the additional marked point which is fixed
by the three special punctures gets mapped to 0 ∈ S1 under h2.
On the other hand, by setting ξ and G equal to zero, for the second
statement it suffices to show that there exists Y ∈ TJJ such that Y ·du ·j =
DJY = D
2
j y = J · du · y. But this follows, as in [30], by observing that the
latter is equivalent to
Y (h, j, z, u(z)) · du(z) = du(z) · y(z)
for all points z ∈ S˙. In particular, note that we do not need to assume that
u is somewhere-injective as Y can be chosen to depend not only on u(z) but
also on h, j and z itself.
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